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DISCRETE-TIME ANALYSIS OF OPTIMIZED SCHWARZ
WAVEFORM RELAXATION WITH ROBIN PARAMETERS
DEPENDING ON THE TARGETED ITERATION COUNT

ARTHUR ARNOULT! CAROLINE JAPHET! AND PASCAL OMNESS#

Abstract. We propose a new approach that provides new results in the convergence analysis
of optimized Schwarz waveform relaxation (OSWR) iterations for parabolic problems, and allows to
define efficient optimized Robin parameters that depend on the targeted iteration count, a property
that is shared by the actual observed optimal parameters, while traditional Fourier analysis in the
time direction leads to iteration independent parameters. This new approach is based on the ex-
act resolution of the time semi-discrete error equations. It allows to recommend a couple (number
of iterations, Robin parameter) to reach a given accuracy. While the general ideas may apply to
an arbitrary space dimension, the analysis is first presented in the one dimensional case. Numeri-
cal experiments illustrate the performance obtained with such iteration-dependent optimized Robin
parameters.

Key words. Optimized Schwarz waveform relaxation, Iteration-dependent Robin parameters,
Discrete-time convergence analysis.

AMS subject classifications. 65M55, 35K20, 65M12, 656M22, 65B99.

1. Introduction. Schwarz waveform relaxation (SWR) algorithms [12, 21, 22],
and their extensions, have a long history in the parallel solution of discretized time-
dependent models driven by partial differential equations, such as those arising in
engineering, physics, porous media or geophysical applications, etc [18, 36, 10, 25,
4,29, 8, 6, 41, 1, 39]. The success of these iterative methods is linked to their fast
convergence that can be optimized by choosing appropriate boundary conditions on
the space-time interfaces between subdomains. In this contribution, we consider Robin
boundary conditions without overlap, in which the value of the Robin parameter(s)
can be chosen identically on the two sides of the interface (the so-called one-sided
case), or differently (the two-sided case), and can be optimized to improve convergence
rates. The corresponding algorithm is called optimized Schwarz waveform relaxation
(OSWR), see [18, 35, 15]. These methods are well-suited to handle nonconformities
in time and space, and can be combined with a posteriori estimates (to get efficient
stopping criteria) or time parallelization techniques [26, 2, 24, 19, 7].

Traditional convergence analysis of OSWR algorithms is mostly performed using
the continuous model, in an attempt to obtain a theory which is independent of the
actual numerical schemes used for discretization. This analysis may be performed by
energy estimates, both in the one-sided and two-sided cases [26, 28]. This technique
is quite general but does not provide a convergence rate, nor a hint on how to prop-
erly choose the Robin parameters for fast convergence. At the discrete-time level, a
convergence proof by energy estimates is performed for the one-sided case [26], but
not for the two-sided case.

On the other hand, Fourier transforms in time and space are commonly used
at the continuous level to obtain convergence rates of the OSWR method for each
Fourier mode [30, 13, 18, 35, 15, 3]; although the supremum of this convergence factor
over the whole Fourier space is one, it can however be used to choose efficient Robin
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parameters that optimize it over the bounded range of frequencies relevant to the
discrete numerical (time and space) grids. However, actual numerical results obtained
with this choice of Robin parameters do not always perform as efficiently as expected
and it has been discussed that this problem may be linked to the Fourier transform in
time that may not always allow to perform an adequate analysis of the convergence
properties of the method [38, 20]. This may be due to the fact that the Fourier
transform supposes an infinite time interval, while the actual simulation is necessarily
performed on a finite one; switching to Fourier series does not solve this issue since
the error does not vanish at the final time as it does at the initial time. Another
approach, based on discrete-time analysis is proposed in [9, 27]; for simple schemes,
it is based on the so-called one-sided Z transform, which is a discrete equivalent of
the Laplace transform. However, this also requires either to consider infinite intervals
in time or to neglect the error at the final time. On the contrary, in the present
contribution we do not perform any transformation in the time direction; restricting
for the sake of simplicity to the one-dimensional heat equation, we solve directly the
full space-time semi-discrete system on any finite time interval; this is made possible
by the Jordan form of the backward Euler scheme that is used to discretize in the
time direction. The extension to higher dimensions with domain decompositions that
contain cross-points is more complex and is the subject of a separate work.

This approach is particularly rich and allows to obtain several new results: first,
we prove convergence of the discrete-time one-sided and two-sided algorithms for any
positive value of the Robin coefficients, with a convergence that, for any fixed value
of the number of time steps, depends on a single parameter in the one-sided case
(and on two parameters in the two-sided case) which is a combination of the diffusion
coeflicient value, the time step and the Robin parameter; secondly, we obtain exact
convergence of the OSWR for a well-chosen value of the Robin parameters in a number
of iterations equal to the number of time steps (one-sided case) or twice this number
(two-sided case). Furthermore, numerical simulations show that the observed optimal
Robin parameter depends itself on the number of iterations performed, and we propose
a method to choose an efficient parameter as a function of this number; this allows
us to recommend a couple (number of iterations, Robin parameter) to reach a given
accuracy, e.g. the expected scheme accuracy.

This paper is organized as follows: in Section 2, we consider a model problem
and state its well-posedness, as well as that of the equivalent multi-domain problem.
Then we introduce the discrete-time multi-domain problem, using an implicit Euler
scheme. This problem involves a matrix on which our analysis depends; some of
its properties are given in Section 3. In Section 4, we first recall the continuous
OSWR method, and the usual approach to calculate optimized Robin parameters
using Fourier transform in time. Then we consider the discrete-time OSWR algorithm
and prove its convergence, as well as various related properties. The main result of this
article is an estimate of the relative convergence error at each iteration, which allows
to introduce a new strategy to define discrete-time optimized parameters that depend
on the number of iterations that will be performed. Finally, in Section 5, numerical
experiments show that the proposed error estimate is close to the relative convergence
error at each iteration. Numerical results comparing convergence with continuous or
discrete-time optimized Robin parameters show that, even if the continuous ones can
be a reasonable choice in some cases, the discrete-time ones give better performances,
as they are close to the iteration dependent numerical optimal ones, in all test cases.
Asymptotic performance with these optimized parameters shows that the convergence
depends weakly (one-sided) and is almost independent (two-sided) of the time step.
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2. Problem Setting. In order to simplify the analysis, we consider the following
monodimensional heat equation on € x (0,7, with 2 = R and T > 0 the final time,

Lu=0wu —vO,u =f inQx(0,T),

u(,t=0) =wup inQ, (2.1)
lirin u(z, ) is bounded on (0,7,
T—r 00

where f is a source term, ug an initial condition and v a positive diffusion coefficient.

Let H™*(Q2 x (0,T)) = L?(0,T; H"(Q)) N H*(0,T; L?(£2)) be anisotropic Sobolev
spaces defined in [32]. Let us recall Propositions 2.1 and 2.2 below, that can be
directly deduced from [33].

PROPOSITION 2.1. If ug belongs to HY(Q) and f to L*(0,T; L*(R)), then prob-
lem (2.1) admits a unique solution in H?1(Q x (0,T)).

Let us consider a decomposition of €2 into two non-overlapping subdomains
O = (—00,0), Qg =(0,+00),
and introduce the Robin interface operators as follows (see [34, 15])
B =vd, + aq, By = —v0, + as. (2.2)

Then, problem (2.1) can be reformulated as the following equivalent multi-domain
problem, with f; = fiq,, ui = ujq,, and ug; = ug|q,, i = 1,2:

ﬁul = f1 in Ql X (O,T), ,CUQ = f2 in QQ X (O,T‘)7
Biui = Biua on {0} x (0,7), Baus = Bauy on {0} x (0,7),
ul(-, 0) = Uop,1 in Ql, UQ(-, 0) = Up,2 in QQ,
zErPoo up(z,-) is bounded on (0,7, mgr}_loo us(x, ) is bounded on (0, 7).

(2.3)

The Robin parameters aq, as involved in (2.3) (through B;, i = 1,2, defined in (2.2))
are freely chosen positive real numbers taken such that : a) the Robin subdomain
problems in (2.3) are well posed (see e.g. [33, 7]), b) they lead to a fast converging
OSWR algorithm (see Section 4).

PROPOSITION 2.2. Leti =1 ori= 2. Ifup; € H' (), fi € L*(0,T; L*(Q)),
and Byuj € Hi(0,T), with j = 3—i, then the Robin subdomain problem in Q; in (2.3)
has a unique solution in H*>'(Q; x (0,T)).

In practice, a problem such as (2.3) is solved approximately through discretization
and approximation of the derivatives of u by discrete formulas. In this article, we
are concerned with the implicit Euler approximation of the time derivative, with
uniform time step At = % (N € N*). Thus, we consider the following semi-discrete
approximation of (2.3): Find U; = (U, ; . .. ULN)T7 for i = 1,2, such that

LUl = F1 in Ql, LU2 = F2 in Qg,

BiU; = BUy at T = 0, ByUy = ByU; at r = 0, (24)
lim Uj(z) is bounded, liIE Us(x) is bounded,

r——00 Tr—+00

with operator L : (HQ(Ql))N — (Lz(Qi))N , 1 =1,2, defined as follows

1
LU; = —— AU; — UY,
vAt ¢
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where A € RV*V is defined by
A= ) ) , (2.5)

and where, for i = 1,2, for all n € [1, NJ, for all z € Q;, U; () is an approximation of
u;(x,nAt), and F; = (F; 1 . ..Fi,N)T, with F; ,(x) = M + uy‘)—yt)&n (where 91,
is the Kronecker delta). The discrete interface operators By and By are extensions of
B and B to vectors in (HZ(Qi))N, ie. fori=1,2,

B, :U e (H2 ()Y = (=1)"wd,U + a;U. (2.6)

The analysis performed in this article relies on various properties of matrix A,
which are presented in the next section.

3. Jordan decomposition. As we will see in Theorem 4.1, solving (2.4) will
involve a square root of matrix A. Therefore, we will prove that it exists, using
the Jordan decomposition of A. This decomposition will also be very useful for the
analysis of the OSWR, algorithm in Section 4.

3.1. Definitions and general results. We recall here some definitions and
results about matrix exponential, square root of a matrix and Jordan decomposition,
from [37, 40, 23].

DEFINITION 3.1 (Square root of a matrix). A square root of a matriz M is a
matriz whose square is M. It might not exist nor be unique.

DEFINITION 3.2 (Matrix exponential). If M is a square matriz, the exponential
of M is the matriz defined by

+oo k
M

exp (M) = T
k=0

We recall the following property about matrix exponential from [37, Page 79].

PROPOSITION 3.3. The function ¢ : x € C — exp (zM), where M is a square
matriz, is differentiable with respect to x and g—f(x) = Mexp (zM) = exp (M) M.

We recall the following results (Definition 3.4 and Theorem 3.5) about Jordan
decomposition from [40, Page 350] and [23, Page 317].

DEFINITION 3.4 (Jordan block). The Jordan block of parameter u and size ry, is
the v, X r,, matriz (ry, € N*), defined by
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THEOREM 3.5 (Jordan decomposition). If M € CN*N | then there exists a non-
singular matriz X € CN*N such that
Ju, 0
XMX™'= :
0 JﬁK
where |1, ... i are the eigenvalues of M, possibly equal. The number of Jordan blocks

associated with an eigenvalue is equal to its geometric multiplicity, i.e. the dimension
of the associated eigenspace.

PROPOSITION 3.6 (Commuting two Jordan blocks of same size).  Blocks Jy
and J,, commute (and thus also J;l and J;l), as well as J;l and J,.
3.2. Square root of a matrix. In this part, we prove that a Jordan matrix

admits a square root.

PROPOSITION 3.7. Every matriz M = puIn+N with p nonzero and N a nilpotent
matriz admits a square root under the form

N /1
=\ 1
M = 2 ) — N* 3.1
v ﬁz_j(k) A, (3.1)
with generalized binomial coefficients :

1 1 fE-1...E-k+1)
2) .- 2) . 2\2 2 > 1.
(O> ! (k) . k1

Proof. Let us start with the case where u = 1. Let d be the index of . If d = 1,
then N' = Oy v, thus M = Iy, and (3.1) gives vV M = I, which is indeed a square

root of M. If d > 1, let
d—1 1
Pya(X) =) (z) X"

k=0
We will prove that P7 (N) = Iy + N, ie. that the polynomial R defined
by R(X):=1+ X — P? ,(X) vanishes in matrix A. For this, we will first show that
R is factorizable as a product of X? and a polynomial, and then use that N'¢ = 0.

The polynomial P;_; has been chosen as the (d — 1)-order Taylor expansion
of t — /14t around O :

VI4t = Py (t)+o(t).
t—0
By squaring the above equality, we get
2
1+t=+1+t =, P2 (1) 4+ 2P;_1()o(t™ 1) + ot 12 = P2 (t) +o(t?1). (3.2)

The polgfnomial R being of degree 2d — 2, it can be written under the form
R(X) = Zi:BZ . X*, with g, € R and 1724_2 # 0. Then, from (3.2) and the definition
of R, one gets R(t) o o(t?=1) which is only possible if all 7, are zeros for k € [0, d—1].

—

This implies that

2d—2

d—2 d—2
R(X) = Z nX* = Z Ne+aX T4 = X4 Z NeraX®.
f=d k=0 k=0
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Using that A is a nilpotent matrix of index d, i.e. N'¢ = 0, it follows that R(N) = 0.
According to the definition of R, we obtain :

Iy +N =PI (N).

Let us now consider the general case, with y nonzero, arbitrary. We can rewrite M
as M = u(Iy + i./\/) where the %J\/ is nilpotent of index d, and then apply the above

result to define v M by
1
VM = \/u Py (MN> ;

with /i a complex number whose square is p. ]

COROLLARY 3.8. If pu is nonzero, J,, admits a square root. In this case, N is
the matriz with 1 on the superdiagonal, and 0 elsewhere. Then the i-th superdiagonal

of \/J. only contains coefficient u%*i(%),

3.3. Application to matrix A. Let us now prove that matrix A (defined
in (2.5)) admits a square root and give the Jordan decomposition of the latter. The
following proposition is immediate.

PRrROPOSITION 3.9 (Eigenvalue and eigenspace of A). The only eigenvalue of A
is 1 and the associated eigenspace is of dimension one:

S1(A) := Span((0,...,0,1)T). (3.3)

PROPOSITION 3.10 (Definition and properties of \/E) Matriz A admits a square
root with the following properties :
(i) The only eigenvalue of /A is 1 and the associated eigenspace is Sy (A) defined
in (3.3).
(i1) /A admits a Jordan decomposition

VA=Q'1Q, (34)

with Q an invertible matriz and Jy as in Definition 3.4 with py =1, rp = N.

Proof. Since A = Iy + N, where A is the strictly lower triangular matrix with
coefficient —1 on the first lower diagonal, Proposition 3.7 shows that A admits a square
root given by formula (3.1), which additionally shows that 1 is the only eigenvalue
of V/A, since all powers of N are also strictly lower triangular.

Furthermore, let X be a nonzero eigenvector associated with the eigenvalue of v/A.
We thus have: VAX = X. Then AX = VAVAX = VAX = X. As X is nonzero,
it is also an eigenvector of A, and, according to Proposition 3.9, X is necessarily
collinear to (0,...,0,1)T. This shows (i).

From (i) and Theorem 3.5, we obtain the Jordan decomposition (ii). O

4. OSWR algorithm. In this section, after recalling some results in the con-
tinuous framework, we study the convergence of the discrete-time OSWR algorithm.
This will then suggest a methodology for calculating the Robin parameters.

4.1. Continuous case. The OSWR method for solving (2.3) consists in choos-
ing initial Robin data £9,£3 on (0,T), and setting B1u3(0,-) = &7, Bauf(0,-) == &3.
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Then for £ =1,2,... one solves the local Robin problems

Luf =fi in Q; x (0,7), Lus = fo in Qy x (0,7),
Biu{ =Bust  on {0} x (0,7), Boub = Bout™'  on {0} x (0,7,
u{(’ 0) = Uo,1 in Oy, Ué(, 0) = 0,2 in Qo,
$Er_noo uf(x,) is bounded, xll)ﬂr_loo ub(z,-) is bounded.

The usual Fourier transform in time approach (with the assumption of an infinite
time interval) provides an expression of the convergence factor of the above algorithm
(see [14, 15]) as follows

L \/@ — Qg \/W — Q2
plw,ag, ae) == ,

VViw 4+ aq VVIw + o

for all Fourier time frequencies w. While we have ma§|p(w,a1,ag)| = 1, the
we

convergence factor can be used to calculate efficient Robin parameters in the dis-

crete setting. Indeed, in numerical computations the time frequency is bounded, i.e.
s

in [F, x7]. Then, one can define continuous optimized Robin parameters oy c, ao,c
such that

lp(w, a1,0,00,0)| = min max |p(w, a1, az),
(o1,a0)€(RT*)? wE[F, A7]

see e.g. [31, 35, 13, 15]. In our numerical experiments of Section 5, the minimization
is done using the GNU OCTAVE fminsearch function [11].

One can also consider the one-sided case o := a1 = ag and define a¢ as the
solution of the above minimization problem on o € R™*. Ref. [14] gives an explicit
formula for ac when v = 1. Its extension to any v through a change of variables

provides
1\ V4
Qo = \/ TV (m) .

4.2. Dimensionless Robin parameters. In what follows, we will use the no-
tation below, for dimensionless Robin parameters:

a; = —, 1=1,2, a = (ag,as). (4.1)

This notation will be useful for the convergence analysis in the discrete-time setting.
More precisely, we will observe in Section 4.4 that the convergence depends only on &
and N.

Using this notation, the dimensionless continuous optimized Robin parameters,
for the one and two-sided cases, are respectively denoted by

A\ V4 At
ac=+rm <T) ) Qo = 7(041,07012,0)- (4.2)

4.3. Discrete-time algorithm. The discrete-time OSWR algorithm for solving
the coupled problem (2.4) is as follows.
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Algorithm 4.1 (Discrete-time OSWR)

Choose initial Robin data 29,29 € RN at z = 0, and set B UY := =9, BoU? = =)
for /=1,2,... do
Solve the local Robin problems

LUlé :Fl in Ql, LUze :F2 in QQ,
B\U! =BUS atz=0, BoUS, =BUY atx=0, (4.3)
lim Uf(x) is bounded, lim US(z) is bounded.
Tr— —00 r——400
end for

In what follows, an analysis of the convergence of Algorithm 4.1 is given.

4.4. Discrete-time convergence analysis. Let us denote by (Uy,Us) the so-
lution of (2.4). Then, by linearity, the error Ef := Uf — U;, i = 1,2, at iteration ¢ of
Algorithm 4.1, satisfies, for £ > 1,

LE! =0y in Qi LEY =0y in Qs
lim E{(z) is bounded, lim ES(x) is bounded. (4.4)
xr—r—00 r——+00
B\Ef =BES at 2 =0, BoEf = ByEf at 2 =0, (4.5)
with
0 =0 77, - . s
BiE;(0) == — B;U;(0), j=3-14, i=1,2. (4.6)

Then we have the following result:

THEOREM 4.1. Let £ > 1. There exists 8 € RN, i = 1,2, such that the subdo-
main solutions of (4.4) are of the form

Bl(z) = evaV A8l vreq, i=1.2 (4.7)

The proof of Theorem 4.1 is given in Appendix 7.
Let us introduce the dimensionless initial Robin data for the errors

GY = g(EgJ — (B;,U;)(0)), i=1,2. (4.8)

‘ v
Let us also extend (4.7) to the case £ =0, for a; # 1, j = 1,2,
-1
80 = (ajIN - x/Z) G0, j=3—i, i=1,2 (4.9)
E0(x) = evearVAgY, VreQ;, i=1,2. (4.10)
For ¢ > 1, the dimensionless Robin data for the errors are denoted by

At

14

Let HY(Q;) :== (H' (%)Y and L>(9;) = (L>=(Q;))Y, equipped respectively with

Gli= | (BUEDO) = (aly - VA) B, j=3-i =12 (41

VR

Wl = [ 30 () 1Ulem) = max (1V; =)
j€[1,N]
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With these notations and Theorem 4.1, we can now prove the convergence of Algo-
rithm 4.1.

THEOREM 4.2 (OSWR convergence). Let o; >0, i =1,2. Then, Algorithm 4.1
converges in (H'(Q) NL>()) x (H'(Q2) NL>(Q2)) to the solution of (2.4).
Moreover, setting*

—1 —1
M(a) = (o‘ziIN + \/Z) (o_ziIN — \/Z) (deN + \/Z) (deN — \/Z> . (4.12)
we have the following relations on the Robin data for the errors, for i=1,2,

G = (M(a))'G0, VI>0, (4.13a)

3

G = (M(«))'GE, V>0, (4.13b)
as well as the discrete-time relations for the errors on the interface™™

B = (M(a)'8] VL0, (4.14a)
B = (M(a)'B! V>0, (4.14b)

from which we deduce the following convergence estimates, for even and odd iterations

1£2°(0) |l _

TE )~ < [(M(@) oo V>0, (4.15a)
IEXT (0]l e

B0 = [(M(&)) o, VE=0. (4.15Db)

Thus, ||(M(&))!||so is an estimate of the relative L -error at iterations 20 and 2041,
for all £ > 0.

Proof. Let us first prove (4.13) for £ > 1 (the case £ = 0 being trivial).
Using Proposition 3.3, equation (4.7), and the definition of the Robin operator B;
in (2.6), we get, fori = 1,2 and j =3 —i:

VAL

Thus, using (4.5) and (4.6) lead to, for i = 1,2,

£i>@=$—@wmx

VA VA _ . ‘
<a¢IN+1/\/E Bf: aiIN—V\/E Bf Loy =3—i, W£>2,

VA \
VAt )

(aiIN +v

*As all matrices of type (&;In ++/A) and their inverses commute one with the other, matrix M

is independent of indices 7 and j.
**Formulas (4.14a) and (4.15a) below are only well-defined for a; # 1, j = 1,2. If &; = 1, for
j=1orj=2, we have, for i = 3— j, the equality Bi% = (M(d))g_lﬁ,? and the convergence estimate

1E240)lloo o
ol S M@)o, VE2 1.
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or equivalently, using the dimensionless notations (4.1) and (4.8), for i = 1,2,
(aiIN + \/Z) Bl =@o, (4.16a)
(@iIN + \/Z) gt = (aiIN - \/Z) Bt j=3—i, V=2 (4.16b)

For i = 1,2, the matrix (diIN + \/Z) is nonsingular. Indeed, using the Jordan
decomposition of v/A given in (3.4), and that @; > 0, we get

det (aiIN + \/Z) = det (Q " Ha;ln + J1)Q) = det (&I + J1) = (@ + 1)~ #0.

Thus, from (4.16a) and (4.16b) we obtain, for i = 1,2,

52 = (diIN n \/Z)_l (aiIN _ \/Z) (ajIN ¥ JZ)_I G, j=3—i, (4.17a)
Bl =M(@)p; %, V=3 (4.17b)

Multiplying now (4.17a) and (4.17b) by (@;Ix —V/A), with j = 3 — i, then using that
all matrices of type (a;Iy ++/A) and their inverses commute one with the other, and
using (4.11), we get, for j = 1,2,

G = M(a)GY,
G’f = M(d)é’ﬁfz, for £ > 3,

from which (4.13) is deduced by induction. From (4.17b), we also get (4.14b) by
induction. Then, taking the L>°-norm of (4.14b), and using (4.7), we deduce (4.15b).
Let us now prove (4.14a) and (4.15a). We will distinguish the following cases :

Case a; # 1, for 4 = 1,2. Multiplying equations (4.13) by (a;Iny —v/A)~" and
then using (4.9) and (4.11) lead to (4.14a). Then, taking the L°°-norm of (4.14a),
and using (4.7) and (4.10), we get (4.15a).

Case @; = 1, for 4 = 1 or 4 = 2. In that case, relations (4.14a) and (4.15a)

are replaced by 82 = (M(a))'~!3? and % < (M (@) oo, V€ > 1, respec-
tively (see Footnote ** above). The first relation is obtained by induction from (4.17b).

Then, taking its L°°-norm, and using (4.7), we obtain the second one.

Let us now prove that Algorithm 4.1 converges. Matrix v/A is lower triangular
with value 1 on the diagonal. Thus, M (&) is a lower triangular matrix with a unique
diagonal coefficient o, that is its unique eigenvalue, given by

ap —1 ap —1
o= .
ar +1 ag +1
Thus the spectral radius of M (&) is equal to |o| and strictly smaller than 1, as a; > 0.
Consequently, we have glim (M (&))" = On_n, and thus glim B = Zlim B = Oy,
— 00 — 00 — 00

for i = 1,2. Then, from (4.7) we get lim ||E7;2£||Loo(Qi) = lim ||EZ-2€+1HL00(91.) =0,
£— 00 £— 00
for i = 1,2, as well as lim ||E7;2€||H1(Qi) = lim ||Ei2£+1HH1(Q7.) =0, ¢ =1,2, for all
£—00 £— 00 ’

positive &;, @y, which proves the convergence of Algorithm 4.1. 0
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From Theorem 4.2, the following finite convergence results can be derived.

THEOREM 4.3 (Finite convergence of OSWR method). Let &;, i = 1,2, be the
dimensionless Robin parameters defined in (4.1).
(i) If &1 =1 or ag = 1 (two-sided case), then the OSWR algorithm 4.1 converges
in at most 2N + 2 iterations;
(i) If &1 = as = 1 (one-sided case), then the OSWR algorithm 4.1 converges in
at most N + 1 iterations.

Proof. Let us prove (i). Using in (4.13a) the Jordan decomposition of v/A (given
in (3.4)), we get, for £ > 0, for i = 1,2

_ £ _
G¥=Q! ((diIN + )7 (—aldy + 4 (aIy + )7 (—a Iy + J1)> QGY.

Using Property 3.6, the four matrices commute one with the other (as each matrix is
a Jordan matrix, e.g. &;In + J1 = Jita,). Then, we have :

G =Q " (adn + J1) F (—ady + 1) (oyIn + J) (—a;Iy + 1) QGY. (4.18)
Let i =1ori =2, and j = 3 —4. Let & = 1 (and &; arbitrary). Then the
matrix —ayIx + J1 has all its coefficients zero, except the superdiagonal ones. Thus,

—a; Iy +Jq s an_N x N nilpotent matrix of index N. Consequently, from (4.18) with
¢ = N, we have G? = 0. Using now relations (4.16b) and (4.11), we obtain

-1 -1 _
g+t = (o?iIN + \/Z) (aiIN - \/Z) 8! = (ajIN + \/Z) at,
and thus ﬁ?NH = On, and with (4.16b) we also have
-1
ﬁ§+2 = <54le + \/Z> (@jIN — \/Z) ﬁerl,
thus ﬁij+2 = Op. Finally, from (4.7), we get E?N""Q =0pn,i=1,2.
Let us now prove (ii). Taking a; = a@s = 1 and multiplying both equations
of (4.16) by (Iy — v/A), one gets :
_ -1 _
G = (w+va) (v -va) e,
_ -1 _
Gt = (IN+\/Z) (IN—\/Z)GF, j=3—i, Vi>2.
Thus, by induction, we obtain
v —¢ ¢ _
G = (v +VA) (v = VA) @Y,
where G‘?/j is G(; if £ is even, GY is / is odd.
Using the Jordan decomposition of v/A in the above equality (as in (i)), we get
G =Q '(In + 1) “(In — 1)'QGY) ;.

Then, if £ = N, one gets that G’év =0, j = 1,2, and thus, using (4.16b) and (4.11), we
get YT = (Iy + VA) Iy — VA)BY = (Iy + VA)"IGY =0y, j = 1,2. Finally,
from (4.7), we have EJNH =0y, for j =1,2. d
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From Theorem 4.2, the following result can be obtained.

THEOREM 4.4 (Convergence depending only on &). For a given N > 1, the
L -norm convergence of Algorithm j.1 depends only on &.

Proof. This result directly comes from (4.14) where M depends only on @ and
on N through its dimension. Indeed, the convergence of the sequence (3¢)en, i = 1,2,
depends only on & and N. Then, using (4.7) and that ||E{|p=(q,) = |8{] i = 1,2,
the theorem is proven. ]

Remark 4.5. For a given N > 1 (and thus for a given At), once the choice of
a = (a1, @2) has been performed as recommended in Section 4.5 below, one simply
has to choose o = @/ %5, @ = 1,2, to obtain an efficient convergence which will not
depend on v (as follows from Theorem 4.4).

Remark 4.6 (Notation for matrix M). Throughout the sequel of this paper, the
matrix defined in (4.12) will be denoted by M (&) in the one-sided case & = (@, @),
and by M (&) in the two-sided case & = (@1, az).

Remark 4.7. Note that in (4.15), one could use the upper bound
(M (@)l < 1M ()5, (4.19)

and then define Robin parameters, for the one-sided and two-sided cases, respectively
denoted by aj; and &y, as follows

1M (@r)lloo = min [|M(@)ec,  [IM(@rr)lloo = min [M(&)llo.  (4.20)
@€]0,1] €]0,1]2

However, for a given N > 1, ||[M(aus)|%, is larger than ||(M(aar))?||eo, and differs
more and more from ||(M (ar))!||oc When £ increases. Thus one loses information in
the use of the upper bound (4.19). This will be observed numerically in Section 5.6,
where the convergence with &, is much slower (except for the very first iterations)
than that with the parameter & that minimizes ||(M(&))¢||. Consequently, one
main objective of this article is to search for discrete-time optimized Robin parameters
& = a(f), that depend on iteration ¢, and minimize ||(M (&))¢||oo. Such parameters
will be defined in Section 4.5.

Remark 4.8 (Equivalent writing of discrete-time estimate and notation). From
relations (4.15), the discrete-time estimates at iteration ¢ read

[E24C

(0)lls ©

< [[(M(a)" ||, V€ =0 even, (4.21a)
[1E2(0) ][
EX0) s B
IEO < jar(@) O, ve2 1000 (1.21b)

£ if liseven

ith 0) = 2 , V£>0. 4.22
with g {‘—21 if ¢ is odd - (4.22)

Thus, ||(M(&))?®)|| is an estimate of the relative L>-error at iteration ¢, for £ > 0.

¥The choice of the interval ]0, 1] in the minimization problem comes from the fact that the Robin
parameters are positive, and from our numerical observations in Section 5.
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4.5. Choice of the Robin parameters. Let us first consider the one-sided
case, i.e. & = @1 = ag. The convergence matrix defined in (4.12) then reads

M(a) = ((aIN +\/Z)71 (&IN — ﬂ))z i=1,2.

Remarks 4.7 and 4.8 lead us to define a discrete-time optimized Robin parameter,
denoted by apjy, depending on iteration £ > 2, as follows (see Footnote t above).

(M (@) "o = min |[(M(@)"“w, (4.23)
a€]o,1]

where ¢(¢) is defined in (4.22).
For example, if one wants to optimize the convergence at iteration ¢ = 7, then one
can use the Robin parameter ap7 such that [|(M(ap))?|le = &g%nl] (M (@)?||oo-

Remark 4.9. In practice, for the minimization problem in (4.23), we calculate
[(M(7;))49) || oo, With ~; == 75 for j € [1,100], then take the index jo that gives the
minimum value, and set appg = ;-

Note that, although this process requires the repeated inversion of matrices, its
cost remains low for the following reasons :

e the matrices are of size N and thus remain of moderate size, since for long
time computations a splitting of the time interval into windows is necessary,
and one uses the OSWR method in each time window [5, 26];

e the matrices involved at iteration ¢ will be recycled for iteration ¢ + 1, so
that the marginal cost of computing the norms of the matrices for an extra
iteration remains cheap;

e the calculation of the terms ||(M(v;))? ||, j € [1,100], can be completely
parallelized (with respect to j);

e the method provides a dimensionless optimized parameter app; whose de-
pendency is only in £ and N, and thus independent of the other parameters
v, f, ug and of space discretization. It can therefore be calculated only once,
at fixed N, whatever the other data of the problem. The (dimensional) opti-
mized Robin parameter is then given by appy == \/%64 D[e-

This process can be extended to the two-sided case with corresponding two-sided
discrete-time optimized parameters denoted by appy = (641,D[4],0721D[g]), as follows :

(M (p)) " loe = min (M ()" o, (4.24)
a€]0,1]?

where M (@) is defined in (4.12).

Remark 4.10. Note that, by definition of ajs and @y in (4.20), and of apy
and appy, £ > 2, in (4.23) and (4.24) respectively, we have the following relations :

Qp = Qplg] = Qp[3), Q= Qpz) = &pjg|-

5. Numerical results. In this section, some numerical experiments are pre-
sented to illustrate the theoretical results of Section 4.

The domain Q = [—3, 1] is of length Lo = 1. The resolution is done using a
finite element code developed in the GNU OCTAVE [11] language, whose mesh size
is Az = 1073 (except in Section 5.5 where Az =5 x 107°). The final time is T = 1,

and the time step is At = %, where N will vary, depending on the numerical examples.
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In our test cases we simulate the error equations, i.e. we take ug =0 and f = 0.
1

As the domain is now bounded, we add homogeneous Dirichlet conditions at x = —3
and x = %
We use the OSWR algorithm with the interface at x = 0, and with the most
general initial Robin data on the interface, under the form of random values, as
commonly done in the study of OSWR methods (see e.g. [3, 17]).
The algorithm is stopped when the L°°-norm of the jump of the Robin transmis-
sion conditions on the interface is smaller than 1072, unless specified.
In Section 4.4 we have proved that the convergence of the discrete-time OSWR
algorithm depends only on dimensionless Robin parameters & = (a3, a2) and on N.
Thus, in what follows, we will consider only dimensionless Robin parameters &, as.*
The solution of the fully discrete error equations at iteration £ is denoted Eﬁ Az
and is measured, on the interface!, either in the L®-norm, or in the L*-norm scaled
by the initial error, as in our theoretical result (4.21b).1
In what follows, we will use the following terms, that are associated to the OSWR
iteration ¢ (excepted for the first item in the list below) :
o continuous optimized Robin parameter(s): ac or ac given in (4.2);
e fully discrete numerical solution : EﬁAw (as defined above);

1B 0 (0)loo .

1B} ae (Ol

e discrete-time convergence estimate : upper bound ||(M(&))?® ||, in (4.21);

e relative L°°-error : error term

e discrete-time optimized Robin parameter(s) : appy or &pyy, see Section 4.5.

Since the problem is symmetrical for the two domains, the results presented here

are only for the left domain (similar results will be obtained for the right domain, up

to a permutation of a; and as in the two-sided case). Moreover, in the two-sided case,

the symmetry implies that the relative error, on odd iterations, obtained with (@, @2)
is the same as with (@s, @1); thus we consider &; < &; in what follows.

Remark 5.1. While our analysis has been carried out on an infinite domain, in
practice, the fully discrete numerical solution is necessarily calculated on a bounded
domain. However, we can show that the theory is not very much affected by the
bounded domain, as long as VvAt < Lg. Indeed, on a bounded domain, the solution

~la| la|
is not exactly (4.7) but will involve matrices evvai VA and evear V4 (as shown below

in (7.2)), and the norm of the vector coefficient associated to the latter will become
very small if VvAt < Lg. Thus, in our fully discrete numerical experiments, v, At
and Lq have been chosen so that they verify this condition.

Remark 5.2. As our analysis has been carried out in the semi-discrete in time case,
we will take Az small enough in the numerical experiments, to approach the discrete-
time problem, i.e. we take Ar < vvAt. However, when the previous condition is
not satisfied, e.g. when Ax = At, we get similar numerical results.

Section 5.1 illustrates that, for a given N > 1, the convergence depends only on a&.
Then, in Section 5.2, we verify that, at each OSWR iteration, the discrete-time con-
vergence estimate is an accurate evaluation of the relative L°°-error. Sections 5.3
and 5.4 illustrate the importance of choosing Robin parameters that are optimized

$This means that in the OSWR algorithm we take a; = &;, / ALW i=1,2.

TSimilar results will be obtained if one takes the maximum of the L-errors in the subdomains.

TOne could also consider a scaling by || E?(0)||ec = [|8?]|cc as in (4.21a), which will lead to similar
results, if one takes random values for B?, and then set é? = (a;In — \/Z)Bé), j=3—14,i=1,2.
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for a targeted iteration count. In Section 5.5, asymptotic behaviors as a function of N
are shown. Finally in Section 5.6, a comparison with @, and as (defined in (4.20))
is given.

In Sections 5.1 to 5.3 we consider one-sided Robin parameters @ = &; = @s.
The case of two-sided parameters (@; and & possibly different) will be treated in
Section 5.4, and both cases will be considered in Sections 5.5 and 5.6.

5.1. Convergence depending only on &, for a given N. In this part we take
N =100. From Theorem 4.4 and Remark 4.5, we expect, for a fixed &, a convergence
almost independent of v when « is chosen as o = @/ 5.

In Figure 1, we plot the evolution of the L*-error as a function of the number of
iterations, for three values of v (0.1, 0.05, 0.01). The four graphs correspond to four

values of & (0.1, 0.5, 1 and 3). We observe that the convergence is not influenced by

10°1 v=20.1 10°1 v=20.1

£ 1072 £ 1072
z g
;{ 10 % 10
g 1070 5 106
e g
4 i

1078 1078

107101 T T T T T T 107104 T T T y T T

0 25 50 75 100 125 150 0 5 10 15 20 25 30
Domain decomposition iteration ¢ Domain decomposition iteration ¢
10°1 rv=0.1 10°4 v=0.1
v =0.05 v =0.05

o — 3 —
£ 102 =001 2] v =001
E |
ERNTE 2 1074
5 5
g 1079/ g 1079/
¥ ¥
4 A

10784 10781

10-10 L, . : . . 10710 1— - - T T T

0 10 20 30 40 0 25 50 75 100 125
Domain decomposition iteration ¢ Domain decomposition iteration ¢

Fia. 1. Illustration of convergence, which only depends on &, for a fited N : L°°-error, with
N =100 and different values of v, for @ = 0.1 (top left), & = 0.5 (top right), @ = 1 (bottom left),
a = 3 (bottom right).

the diffusion coefficient v, as expected. As a consequence, in what follows, we only
consider the case v = 0.05.

5.2. Comparison between discrete-time estimate and relative L°>°-error.
In this part, we show that the discrete-time convergence estimate ||(M(@))9®| o0
in (4.21) approaches well the relative L>-error, at each OSWR iteration ¢, when the
Robin initial guess has no particular structure, e.g., is a random vector, which implies
that one cannot do better than going from equalities (4.14) to inequalities (4.15).

In Figure 2, we plot the relative L*-error (solid line) and the discrete-time es-



16 A. ARNOULT, C. JAPHET, AND P. OMNES

timate (dashed line), as functions of the number of iterations, for N = 100, and for
different values of & (0.1, 0.5, 1 and 3).

10° Relative L*>-error 1091 Relative L>-error
Discrete-time estimate Discrete-time estimate
1072 10724
10744 10744
10704 10764
10784 10784
10-10 L~ . . . 10710 L - v v - - v
0 50 100 150 0 5 10 15 20 25 30
Domain decomposition iteration ¢ Domain decomposition iteration ¢
10°1 Relative L>-error 10°1 Relative L*-error
Discrete-time estimate Discrete-time estimate
10721 10721
1044 1044
10764 10704
10784 1078
10710 T v v T 10710+ v T T T T r
0 10 20 30 40 0 25 50 75 100 125 150
Domain decomposition iteration £ Domain decomposition iteration ¢

Fi1G. 2. Comparison of relative L -error (solid line) and discrete-time estimate (dashed line),
for N =100, with & = 0.1 (top left), & = 0.5 (top right), & = 1 (bottom left), & = 3 (bottom right).

We observe that the discrete-time estimate is an upper bound of the relative L>°-
error, as expected from (4.21). Thus, we could not expect both curves to exactly
overlay. However, the discrete-time estimates follow the actual relative L°°-error
curves, with very similar shapes, and are closer when & is larger. A possible ex-
planation for the differences is that the theoretical analysis of this paper is done on
an infinite domain, while the numerical results are performed on the bounded do-

11

main [75, 5]. Another possible explanation is the loss of information when going

from equalities (4.14) to inequalities (4.15).

Remark 5.3. Additional tests seem to show that changing the initial Robin data
from random values to values with a particular structure, e.g., the Robin operator
applied to (u—ugp) as can be done in practice (where u is the solution of (2.1), and wug
is the (time independent) initial condition) has a (limited) influence on the shapes of
the relative L°-error curves, which are not as close to the discrete-time estimate as
in the case of a random initial guess. In any case, the discrete-time estimates remain
an upper bound of the actual error curves.

In this article, we intend to treat the most general case in which no information
is known on the initial Robin data. Thus, in what follows, we focus on obtaining
optimized dimensionless Robin parameters that minimize the discrete-time estimate,
as done in Section 4.5, with random initial Robin values.



DISCRETE-TIME ANALYSIS OF OSWR CONVERGENCE 17

5.3. One-sided optimization. In this part, we consider one-sided Robin pa-
rameters (@ = az). We compute apg using the method described in Remark 4.9.

5.3.1. Comparison of continuous and discrete-time parameters. In this
section we compare the convergence obtained with the discrete-time optimized pa-
rameter @ppg to those obtained with the continuous optimized parameter ac defined
in (4.2) on the one hand, and with the actual numerical optimal one at iteration £ on
the other hand. For this, we will consider two different iterations : £ = 7 and £ = 21.

On Figure 3 we plot the actual relative L*-error at iteration 7 (left) and at
iteration 21 (right) versus the Robin parameter &. On these graphs, stars stand for
continuous optimized Robin parameters &, and triangles are discrete-time optimized
Robin parameters ap7) (left) and apgq) (right). Figure 3 allows to find the numerical

- ]

£ B

2 g

E % 0]

£ 104 T: -5

& £ 10

_; ; 10-8

510724 E

g 5101 — N=20
x’? 8§ — N=50
S L N =100
£107%] — N =200 g — N =200
2 0.0 0.2 0.4 0.6 0.8 0z 0.0 0.2 0.4 0.6 0.8 10

=1
=l

F1G. 3. Relative L -error on the interface as a function of &, at iteration 7 (left) and 21 (right).
In each case, the triangles show ap7) (left) and &pa1) (Tight), and the stars show ac.

optimal Robin parameter at iteration £ (for £ =7 and £ = 21), denoted av,p¢[g-

The values of ac, Qupr7]; Qopt[21]s Ap[r], and Appaq) (rounded to the nearest
hundredth), versus N, are reported in Table 1. Recall that a¢ is independent of the
iterations, while ap(7] and apppi) optimize iterations 7 and 21, respectively.

N | ac  ap  Qoptr]  Oppp1] Qopt]21]
20 |1 0.84 0.68 0.69 1.00 1.00
50 | 0.67 0.50 0.48 0.69 0.70
100 | 0.56 0.40 0.35 0.56 0.56
200 | 0.47 0.32 0.24 0.45 0.45

TABLE 1
Dimensionless one-sided Robin parameter optimized with continuous and discrete-time analysis,
and numerical optimal parameter.

On Figure 3 (left) and in Table 1 we observe that, at iteration 7, for all values
of N, the parameter a7 is close to the numerical optimal (7. The value of apy
deviates slightly from that of a,,7, when N increases; however the corresponding
L -error values remain close (within a factor of approximately 2, for N = 200).
On Figure 3 (right) and Table 1, we see that at iteration 21 the parameter appa1
is extremely close to the numerical optimal qps21).- This is also the case for the
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parameter ac, obtained by the continuous framework, except for N = 200. However,
at iteration ¢ = 21 for N = 20 and N = 200, and at iteration ¢ = 7, for all N,
the parameter ac is a worse approximation of &g than apy. This observation
is crucial when one wants to perform a small number of iterations: in that case, the
continuous optimization provides only a poor Robin coefficient and thus does not
allow the OSWR algorithm to work efficiently.

On Figure 4, we plot the relative L*-error as a function of OSWR iterations
(note the scale change for the top left figure), for different values of N, and with ac,
apy7), Qopef7) and @pa1). Since the values of appaq) and @p[21) are extremely close
for each N, the curves obtained with &,,[21) are not added on Figure 4.

1 1
© ac o 1004 i T ac
& _ 8 _
£ 1072 > apir & | | T app
o K _ o 1 _

_‘é \‘? Qopt[7] § 10-2 | Qopt[7)
‘ i | _ = Vel =
& 1074 ! Qpf2i] £ 1T appy

| HEERTS |
° | | ° 10 |
g 107 | P2 |
g | L F |
g 11 : i g 107 :
' 1071 i i ! !
£ i N £ S
= ! N RN
£ 10741 i N E A N
i ¥ i AN
— ; ‘ — 10710 : : : L —
0 5 10 15 20 0 5 10 15 20 25 30
Domain decomposition iteration ¢ Domain decomposition iteration ¢
1
9 1004 i —*— ac¢ ° 10°1
& e aplr) &
% -2 § Qopt 1] g -2
2 107 BN “ E 1072
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8 [ 5
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N ) 1 7 ;
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Domain decomposition iteration ¢ Domain decomposition iteration ¢

Fi1G. 4. Relative L -error computed with one-sided continuous, discrete-time (optimized at
iteration £ = 7 and 21) and numerical optimal (at iteration £ = 7) Robin parameters, for N = 20
(top left), N = 50 (top right), N = 100 (bottom left), N = 200 (bottom right). Note the scale change
for the top left figure (in that case convergence with appe1 =1 is almost exact at the 215 iteration,
as expected from Theorem 4.3). The curves with Qopi[21] are not shown, since they are superimposed
with those of &p[a1]-

We observe that at iteration 7 (resp. 21), the L°-error with ap7 (resp. apjay)) is
very close to the one obtained with @7 (resp. Qopef21]) and is smaller than the ones
obtained with ac. This confirms the relevance of choosing an optimized parameter
that depends on the targeted iteration, as pointed out by the analysis. We also notice
that, for V > 50, the curves obtained with ac and app) are almost superimposed,
since these Robin parameters are almost the same.

One of the main results of this article is that there is not a single Robin coeffi-
cient, independent of the iterations, that optimizes each iteration. Figures 3 and 4



DISCRETE-TIME ANALYSIS OF OSWR CONVERGENCE 19

illustrate this point : the numerical optimum varies according to ¢; the parameter o,
that minimizes the continuous convergence factor (which is independent of the iter-
ation), cannot optimize all iterations, whereas the method presented here allows to
find a quite accurate approximation of the numerical optimum parameter, for each
iteration /.

5.3.2. Choice of an optimized pair (¢,a) to reach a given accuracy. In
this part, we give an abacus that allows to find an optimized pair (¢4, & D¢ A]) to reach
a given accuracy, e.g. the expected accuracy of the numerical scheme, or a fraction
thereof.

Figure 5 shows, for different values of N, the values of apjy as a function of the
targeted iteration count ¢ (top left figure), and the associated discrete-time estimate
[ (M (@pp))1® ||s versus iteration ¢ (top right figure), with a zoom on the first iter-
ations (bottom figure). With the cases N = 20 and N = 50, we see that for £ > N
iterations, the discrete-time optimized Robin parameter is 1, as expected from The-
orem 4.3. These numerical results also show that, after a few iterations, apyy is a
globally increasing function of £, that tends to 1, and a decreasing function of N.

ABACUS 5.4 (How to choose ¢ and & to reach a given accuracy). Figure 5 allows
to find an optimized pair (£, &upig) to reach a given accuracy, e.g. the expected accuracy
of the numerical scheme, or a fraction thereof. More precisely, the top right (or
bottom) figure enables, for a given N, to find the minimum number £ of iterations
one has to perform in order to reach a given error. Then, the top left figure gives the
associated Robin parameter apg.

1.0
0.91
_ 081
)
3
- 0.7
Z 06
S
0.5
0.44
10 20 30 40 50 10 20 30 40 50
Domain decomposition iteration ¢ Domain decomposition iteration ¢
10
—— N=20
8 —— N =50
S 107 N =100
= —— N =200
)
3
S 1072
1073 . : .
0 5 10 15

Domain decomposition iteration ¢

Fic. 5. Discrete-time optimized Robin parameter apg (top left) and associated discrete-time

convergence estimate ||(M(6<D[e]))‘1(‘z)||o<> (top right), versus OSWR iterations, with a zoom on the
first iterations (bottom).
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Let us now use the above abacus on an example. We choose f and the values of
the boundary and initial conditions so that the continuous solution of (2.1) is given by
u(x,t) = (1+t+1t2) (sin(mz) + cos(rx)) . The relative scheme error (between the fully
discrete monodomain solution and the continuous solution) in L*>°-norm, denoted €.},
is given in Table 2 (first line), for different values of N. For each N, a pair (¢a, apj,])
is obtained by Abacus 5.4 to reach ey, and is given in Table 2 (last two lines).

N 20 50 100 200
Eseh | 35x1072 14x1072 7.1x1073 3.6x1073
la 7 9 11 13
AD[ea] 0.68 0.54 0.45 0.38
TABLE 2

Relative L°°-error of the fully discrete numerical scheme on the interface, as a function of N,
and associated optimized iteration €4 and Gppe,) given by Abacus 5.4.

For example, for N = 200, if one wants to guarantee a relative L*-error smaller
than e4., = 3.6 x 1073, then from Figure 5 (top right or bottom) one only needs to
perform thirteen iterations (¢4 = 13). Then Figure 5 (top left) gives the discrete-time
optimized Robin parameter ap,)] = api3 = 0.38.

Then, we choose & = apj,; in the actual simulation and plot on Figure 6 the
corresponding relative L*>-error (circle) curve as a function of OSWR iterations for
the different values of N as well as a horizontal line corresponding to the scheme
error (the other two curves of Figure 6 are discussed below). Then, we check two
important questions. The first is to know whether the actual error reached by choos-
ing @ = apjp,) is indeed lower than e, after £, iterations. This is the case, since
we observe on Figure 6 that the circle located on the vertical dashed line is below
the horizontal line. The second is to verify that the proposed value of {4 iterations is
equal, or at least close to the overall (whatever the values of &) minimum value £,
of iterations needed to reach e,.,. This is also the case, since, in the examples that
we treated, we found that ¢,,; = 4 — 2. This leads the practitioner to the following
alternative: either one chooses the couple (£4,apy,)) and this leads to a comfortable
safety margin that ensures that the additional error due to domain decomposition
is negligible with respect to the scheme error, or one chooses in a heuristic way the
couple (€4 —2,&ppe,—2) (pink curves on Figure 6) and this leads to an error which is
lower than the scheme error, close to the best possible error obtained in the optimal
number of iterations ((€opt, @optfe,,,]) Cyan curves on Figure 6).

5.4. Two-sided optimization. We now consider two-sided Robin parameters
(i.e. a1 and @ are possibly different), and more precisely the following ones :

e continuous &¢ = (ay,¢, a,c), defined in (4.2) (independent of the iterations);

e discrete-time & ppr) that optimizes iteration 7, defined in (4.24) with £ = 7;

e discrete-time @ pjgy) that optimize iteration 21, defined in (4.24) with £ = 21.
We will compare the convergence obtained with these parameters to that obtained
with the actual numerical optimal ones.

On Figure 7, we plot the level curves for the relative L>-error (in logarithmic
scale) after 7 iterations (left), and 21 iterations (right), for various values of the
two-sided Robin parameters & = (&1, as), for N = 100. The blue star shows the
continuous optimized parameter & ¢, the orange triangle shows the discrete-time op-
timized parameter apy) (left figure) and ap) (right figure). Figure 7 allows to find
the numerical optimal Robin parameter at iteration ¢ (for £ = 7 and ¢ = 21), denoted
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FI1G. 6. Relative L -error computed with &pe ,1 provided by Abacus 5.4 for N =20 (top left),
N =50 (top right), N = 100 (bottom left), N = 200 (bottom right). The error curves corresponding
t0 Qpey,r=t4—2) and Qoptltyp:] OTE also shown, where Lopt is the overall minimum (whatever the
values of @) of iterations needed to reach the error scheme, represented by the horizontal line.

Q,pi1e), and represented by the cyan circle, for N = 100.

The values of &c, @opt[7], Xopt[21]; Ap[7), and &ppa1) (rounded to the nearest
hundredth), versus N, are given in Table 3. For N = 20, 50, 200, the values of &7
and @gp[21) are determined in a similar way to those of the case N = 100.

N ac Qapi] Qopt[7] Qap21 Qopt[21]

20 | (0.56,1.26) (0.55,0.86) (0.69,0.70) (1.00,1.00) (1.00,1.00)
50 | (0.30,1.49) (0.33,0.80) (0.38,0.74) (0.68,0.70) (0.70,0.71)
100 | (0.21,1.46) (0.23,0.74) (0.25,0.60) (0.48,0.66) (0.56,0.57)
200 | (0.17,1.33) (0.16,0.77) (0.17,0.77) (0.30,0.69) (0.28,0.64)

TABLE 3
Dimensionless two-sided Robin parameters optimized with continuous and discrete-time analy-
sis, and numerical optimal parameters.

On Figure 7 and in Table 3, we observe that, at iteration 7 (resp. 21), the discrete-
time optimized parameter & p(7] (resp. @ pj21)) is close to the numerical optimal qop[7)
(resp. aopt[21]>7 and much closer to this optimal value than ac.

On Figure 8 we plot the relative L>-error as a function of OSWR iterations (note
the scale change for the top left figure), obtained with these parameters.

As in the one-sided case, we observe that, at iteration 7 (resp. 21), the L*-error
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F1G. 7. Level curves for the relative L™ -error (in logarithmic scale) after 7 iterations (left),
and 21 iterations (right), for various values of the parameters & = (a1, a@2), for N = 100. The blue
star shows &c, the orange triangle shows &ppy) (left) and &pia1) (right), and the cyan circle shows

dopt[7] (left) and aopt[Zl] (Tight)

with &pp7) (resp. &pja1)) is very close to the one obtained with &op[7] (r€sp. Qopi[21))
and is smaller than the one obtained with a¢. At iteration 7, the parameter &¢ is
a little less efficient than the discrete-time optimized parameter apf7. However, for
a larger number of iterations (e.g. ¢ = 21), &¢ appears to be significantly less effi-
cient than the discrete-time optimized parameter & ps1). Again, we observe that the
discrete-time optimized Robin coefficients proposed in this article allow to optimize
efficiently the L>°-error at a targeted iteration.

Moreover, we notice that, the higher the number ¢ of domain decomposition
iterations, the less @y ppq and ay ppy differ, as shown on Figure 9.

5.5. Asymptotic behavior as a function of N. In this part, we present the
asymptotic performance as a function of N (or At), with continuous and discrete-time
optimized parameters. Thus, we take Ar = 5 x 1075 (to ensure Ar < Vv AL, see
Remark 5.2).

In Figure 10 we plot the number ¢, of iterations that it takes to reduce the relative
Le°-error by a factor 1073 (left figures) and 107% (right figures), as a function of N,
on a log-log plot, in the one-sided case (top figures) and in the two-sided case (bottom
figures). On top figures, the blue star curves are obtained with &c¢, and the brown
circle curves with api, ), where (La, dD[gA]) is obtained by Abacus 5.4 to reach 1073
(top left) and 1076 (top right); e.g. for N = 200, Abacus 5.4 gives {4 = 23 to
reach 1076, then, choosing & = @ p23)(= @pjag) from Definition (4.23)) in the actual
simulation, one needs £, = 22 iterations to actually reach the relative accuracy 1076.
We proceed similarly in the two-sided case (bottom figures).

Using that At = %, the numerical results show the following asymptotic behaviors :
e/, = O(N#) = O(At™%) in the one-sided case, both for discrete-time and
continuous optimized parameters (as predicted in [15] for the latter);
o/, = O(N%) = O(At~%) in the two-sided case, both for discrete-time and
continuous optimized parameters.

The curves on Figure 10 show that discrete-time and continuous optimized pa-

rameters give similar asymptotic behaviors versus N (or At), depending only a little
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FiG. 8. Relative L -error computed with two-sided continuous, discrete-time (optimized at
iteration £ = 7 and 21) and numerical optimal (at iteration £ = T and 21) Robin parameters,
for N =20 (top left), N =50 (top right), N = 100 (bottom left), N = 200 (bottom right). Note the
scale change for the top left figure, as explained in Figure 4. Note that, for N = 20, since &p21]
and Q,pi[21) are equal, the associated curves are superimposed.
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F1G. 9. Ratio between discrete-time optimized two-sided Robin coefficients.

on N (or At) for one-sided (increasing approximately by a factor 2 when N is multi-
plied by a factor 16), and almost independent of N (or At) for two-sided parameters
(increasing approximately by a factor 2 when N is multiplied by a factor 256).
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Fic. 10. Asymptotic behavior : number of iterations £y to obtain a relative L°°-error smaller
than 10~ (left figures) and 1078 (right figures), as a function of N, with Az = 5 x 1075, with
continuous and discrete-time optimized parameters, in one-sided (top) and two-sided (bottom) cases.

5.6. Comparison with aj;. In this test, we take N = 100. Figure 11 shows
the relative L>°-errors as a function of OSWR iterations, obtained with &y, and ay
defined in (4.20), compared to those obtained with continuous and discrete-time op-
timized parameters. Using Remark 4.10, we find @y = 1 and &y = (0.02,1). We
observe that, except for the very first iterations, the convergence with @, (left) or aps
(right) is much slower than with the other parameters.
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Fic. 11. Comparison with parameters ap; and &y : relative L°°-errors computed with one-
sided oplimized parameters o, On, Qp[r], Gpp21) (left), and two-sided optimized parameters
ac, &m, @p[), &pley (right), for v =0.05 and N = 100.

6. Conclusion. We have observed that the numerical optimal Robin parameter
varies according to the performed number of OSWR iterations; therefore the contin-
uous optimized parameter (which is independent of this number) cannot optimize all
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iterations, whereas the method presented here allows to find a quite accurate approx-
imation of the numerical optimal parameter, for each OSWR iteration count, and
allows to find an optimized pair (¢, &pyy) to reach a given accuracy.

As a perspective, we have noted in Remark 5.3 that changing the initial Robin
data influences the shapes of the convergence curves, in particular those of Figures 2
and 3. Therefore, additional analysis is required to further improve the choice of the
Robin parameter. Note also that, as shown in [16, 17], taking into account the effect of
spatial discretization in the methodology to choose optimized Robin parameters is not
trivial. Finally, the extension to other time schemes is currently under investigation.
For these two issues, additional work is needed.

7. Appendix: Proof of Theorem 4.1.
Proof. Let us first consider the problem in €; in (4.4) : find U such that

LU =0 inQy,

lim U(z) is bounded. (7.1)
r——00
From Proposition 3.10 and Equation (3.1), the matrix C' = —2—=+/A is lower

VAL
triangular, invertible, with all its diagonal coefficients equal to @ > 0.

! 2
Setting Z = ([]] >, x=U(x=0),¥:=U(x=0), and M = < (I) C(; ) ,
then problem (7.1) can be written into the equivalent first order differential system
Z' = MZ in (—00,0),
Z@=0) = (¥,

Z is bounded in (—o0,0).

The solution of the above problem is given by

Z(x)exM< X ) Yz € (—00,0).

v
c? 0 c?* 0
: 2 _ : ; 2k _
Using that M~ = ( 0 2 ), by induction we have M=" = < 0 2k
kil 0 (2k+2
and M = ok , Vk € N, and thus
C 0
M 72 2k S 2k+1
T = —M M
¢ kZ:O 2% +k§ 2k 1 1)
X2k f o2k T 2kt 0 C2k+10
koZk!( 0o Cc ) * — (2k+1)! ( cPHo-t )

k
- ( Ch(g “ ch ((3)00) > + < sh (xC(')) ot ™ (xoc)c )
C

ch (zC) sh (zC)
(Sh({,EC)C_l ch (zC) )

Then we have, Vz € (—00,0),

(o) =(abe e a9 (v).
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from which we obtain, Va € (—o0,0),
U(x) = sh (zC) C~ x4 ch (zC) V.
The solutions of the system can therefore be written as follows
Ulz) = e*“pt 47293, (7.2)

where 8t € RY and 8~ € R will be determined using the boundary conditions.
More precisely, let us show that the condition U is bounded in (—o0,0) implies
that 5~ = 0n. We set
E(x) =exp(—zC)p~. (7.3)

Since C' is lower triangular, so are the sums and multiples of C. Coming back to the
definition of the exponential of a matrix (with power series), we deduce that exp (—zC')
is a lower triangular matrix whose diagonal is only composed of the exponential

of ——Z=. Thus, the first line of (7.3) gives (£(x)); = ¢¥oat (87 )1, with —L= > 0.
Since U (and thus &) is bounded as x tends to —oo, we deduce that (87); = 0. Then,
the second line of (7.3) gives (7 )2 = 0, and by induction we obtain 5~ = On. Thus,
the solutions of (7.1) are of the form U(x) = e*“BT, with 3+ € RY. The problem
in s is treated similarly to that in €1, by using a change of variables, which end the

proof of Theorem 4.1. ]
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