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Abstract

We prove that Mann—-Robalo’s construction of the brane action [MR18] extends to general
coherent oo-operads, with possibly multiple colors and non-contractible spaces of unary op-
erations. This requires to establish two results regarding spaces of extensions that were left
unproven in the aforementioned construction. First, we show that Lurie’s and Mann—Robalo’s
models for such spaces are equivalent. Second, we prove that the space of extensions in the
sense of Lurie is not in general equivalent to the homotopy fiber of the associated forgetful
morphism, but rather to its homotopy quotient by the co-groupoid of unary operations, cor-
recting an oversight in existing literature. As an application, we obtain that the co-operads
of B-framed little disks are coherent and therefore yield new operations on spaces of branes
of perfect derived stacks.
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1 Introduction

The brane action. Introduced by Toén in [Toé13], reformulated and further developed by Mann
and Robalo in [MR18, MR21] and Kern in [Ker21], the brane action is an operadic construction
that encodes in a unified way certain "configuration-type" invariants of geometric objects. The
motivating examples are that of Gromov—Witten invariants from enumerative geometry and string
topology operations; in both cases, the brane action reflects part of the structure of an associated
topological conformal field theory, in the sense of Costello [Cos07].

Formally, given a reduced! coherent monochromatic co-operad O®, the brane action consists
in associating to every operation o € O(k) its space of extensions Ext(c), informally described
as parametrizing those operations o of arity k + 1 that restrict to o on the first k inputs (see
definition 2.6 for details). Each such space Ext(c) then fits into a cospan diagram

Ext(id)"* —— Ext(o) +—— Ext(id) (1)

which altogether assembles into an O-algebra structure on Ext(id), viewed as an object in the
oo-category of cospans of spaces.

We refer to section 2 for precise definitions of spaces of extensions and coherent co-operads, as
well as Mann—Robalo’s construction of the associated brane action, which we will extend to the
non-reduced coloured setting. Let us mention that a large part of our work is actually devoted to
providing the first proofs in literature of several claims used in their work, thereby completing the
construction of brane actions from [MR18].

Application to Gromov—Witten invariants and string topology. The first application of
this construction is the categorification of Gromov—Witten invariants, due to Mann and Robalo.
In [MR18], the authors showed that the brane action, when instantiated with a variant of the
oo-operad of stable algebraic curves with marked points, recovers the structure of genus 0 Gromov—
Witten invariants of a smooth projective complex variety?. Their construction therefore lifts
Gromov—Witten invariants from cohomology or K-theory to a purely geometric level, which then
induce categorical invariants, by considering for example the derived categories of quasicoherent
sheaves.

The main examples of coherent co-operads come from geometric structures of "configuration
type": the prototypical example is the oo-operad of little disks E,. Similarly to the case of
Gromov—Witten invariants, one expects that the brane action applied to the little disks cc-operad
[Es can recover the classical construction of string topology operations on the chains of the free loop
space Map(S?t, X) of a closed oriented manifold X. The connection is as follows: the cospans of
spaces of extensions (of diagram (1)) constructed by the brane action for E are equivalent to the
classical cobordism-type diagrams that induce string topology operations upon taking pull-push
on homology using Gysin morphisms.

Brane topology. More generally, one may consider spaces of branes Map(S™~!, X ), which are
higher dimensional analogs of free loop spaces and whose study is called brane topology. A central
conjecture? states that the singular chains on higher loop spaces should inherit an algebra structure

IRecall that an oco-operad O is called reduced if its underlying oco-category is a trivial co-groupoid. In the
monochromatic case, this means that O(1) ~ .

2The restriction to genus 0 is only necessary because the higher genus situation would require to develop the brane
action for modular co-operads. Joint work of the author and David Kern aims at generalizing this construction.

3This conjecture appears explicitly in the introduction of [GTZ12] and is based on [CV06, Section 5.4].



over the oo-operad EF of framed little disks of dimension n. This is motivated by work of Sullivan
and Voronov [CV06] which considers the homology version of this conjecture. The case of the
underlying E,-algebra structure has been proven by Ginot—Tradler—Zeinalian in [GTZ12], under
the assumption that X is an (n — 1)-connected Poincaré duality space, using Hochschild homology
models (see also [Hu06] for related results). Their algebraic methods can be refined to give an
Ef | ®@E;-algebra structure (see [Gin17, Corollary 5.25], but do not readily generalize to the fully-
framed situation; one might therefore try to use the brane action instead. However, since the
oo-operad Ef is not reduced, having the non-trivial group Ef(1) ~ SO(n) as unary operations,
one cannot use Toén’s or Mann—Robalo’s theorems. This motivates the search for a construction
of brane actions for non-reduced coherent oo-operads.

Main results

Our contribution is three-fold: we generalize the brane action to general coherent oo-operads,
complete the proof of the previous approach and finally obtain operations on spaces of branes in
more general settings, both topological and derived algebro-geometric. Further applications to
brane topology, in particular concerning the conjectural E'f | 1-algebra structure on singular chains
on spaces of branes, will be developed in a sequel to this paper.

Extension of the brane action to general coherent oco-operads. The first result of this
paper generalizes the construction of brane actions to the general setting of coherent co-operads,
showing that the reducedness and monochromaticity assumptions from Toén’s and Mann-Robalo’s
results [Toél13, MR18] are actually unnecessary.

Theorem A. Let O% be a coherent co-operad. Then the collection of spaces Ext(idx), for vary-
ing colors X € O, carries a canonical O-algebra structure in Cospan(8), with structural maps
generalizing the cospan diagrams (1).

Our approach is based on Mann—Robalo’s construction of the brane action. It is encapsulated
as an explicit cartesian fibration, which we call the brane fibration,

7: BO — Tw(Env(0))®

over the twisted arrow oo-category of the symmetric monoidal envelope of O®, whose classifying
functor gives the desired O-algebra structure in cospans of spaces (see section 2.4 for details).

This approach relies on identifications between three possible models for the space of extensions
of an operation o of arity n: first, the fibers BO, of the brane fibration, second, Lurie’s space
Ext(o) defined in [Lurl7]* and third, in the monochromatic case, the homotopy fiber at o of the
forgetful map O(n + 1) — O(n), as considered in Toén’s original work [Toél3]. We call these
spaces respectively Mann—Robalo, Lurie and Toén’s model for spaces of extensions. Identifications
between these models are used in existing literature, but left unproven.’

Our next two results fill this gap, by providing an equivalence between the first two models (for
general unital co-operads, see theorem B) and the last two models (for reduced unital co-operads,
as the comparison has to be modified in the general case, see theorem C).

Comparison of models of spaces of extensions. When trying to identify the two definitions
BO, and Ext(o) for the space of extensions of an operation o, it seems that no straightforward
comparison is available. For instance, there is no obvious morphism of simplicial sets relating the
two models that would furnish a candidate for the equivalence. We prove the following comparison
result by providing an explicit, ad-hoc zigzag of homotopy equivalences between BO, and Ext(c),

Theorem B (Theorem 4.1). Let o be an active morphism in a unital co-operad O%. Then the
fiber BO, of the brane fibration and the oco-category of extensions Ext(o) are equivalent.

4up to a very slight correction, see remark 2.8.

5Note that another statement generalizing Toén and Mann-Robalo’s results appears in Kern’s thesis as [Ker21,
Theorem 2.2.2.0.1], under an assumption called hapazunitality, which allows for certain coloured non-reduced oo-
operads. This is analogous to our theorem A, but with slightly different generality: on the one hand, the hapaxuni-
tality condition is more restrictive than our assumptions, on the other hand, Kern’s results apply also to examples
of non-coherent co-operads, in which case the brane action becomes a lax action. More importantly, as the proof of
Kern’s result is based on Mann—-Robalo’s construction, its validity relies on our theorems B and C.



Computation of homotopy type of spaces of extensions. To apply brane actions to par-
ticular examples of coherent co-operads, or to prove that a given co-operad is coherent, one needs
to compute spaces of extensions. For that purpose, Mann—Robalo’s model BO, and Lurie’s Ext(o)
are essentially of no use: for example, even in the simple case of the oco-operad of littke disks Eo,
identifiying the homotopy type of the space of extensions Ext(id) seems a difficult combinatorial
problem.

Actually, in practice all known computations in the literature involving spaces of extensions
rely on the equivalence with Toén’s model described above. Such an equivalence for Lurie’s model
Ext(o) (and therefore also for Mann—Robalo’s model, by theorem B) is claimed in [Lurl7, Section
5.1.1]. More precisely, a comparison map is defined and asserted to be an equivalence. However,
we find that Lurie’s model Ext(c) only agrees with Toén’s for reduced oo-operads. In fact, we
provide a counter-example (see proposition 5.4) when this assumption fails, thereby contradicting
the corresponding statement in [Lurl7]. The reason comes from a non-trivial action of the co-group
of unary operations on the last color of extensions (we refer to section 5.1.2 for a more detailed
discussion).

The general, unreduced situation is clarified by the following result, which exhibits Ext(o) as
a quotient of Toén’s model by this O(1)-action.

Theorem C (Theorem 5.1). Let O® be a monochromatic unital oco-operad whose underlying oo-
category O is an oo-groupoid and let o € O(n) an operation of arity n. Choose a semi-inert
morphism i: (n) — (n+1) in O®. Then the space Ext(o) is equivalent to the homotopy quotient of
O(n+1) X}é(n){a} by the natural action of the co-group O(1) of unary operations on the additional
color of the extensions.

Operations on spaces of branes. Recall that the oo-operad of little disks EZ, ; is coherent
for any n > 0, by Lurie’s result [Lurl7, Theorem 5.1.1.1] (whose proof relies on the validity of our
theorem C). Using the computation tool given by the previous theorem, we extend this coherence
result to the variants Ef of EY , of B-framed little disks, in the sense of [Lurl7] (recalled in
section 6.1). This family of examples include in particular the oc-operad of framed little disks
Ef ~ E,, x SO(n), and more generally semi-direct products E,, x G with a topological group G
equipped with a morphism to the group of self-homeomorphisms of R™.

Theorem D (Theorem 6.7). The oo-operads of B-framed little disks E% are coherent.

One can prove that the space of extensions Ext(id;) of any color b € B is homotopy equivalent
to the sphere S™. As a consequence of theorems D and A, we obtain an Eg-algebra structure on
S™ in cospans of spaces, and hence corresponding operations on spaces of branes, at the level of
spans.

Corollary 1.1. Let X be a topological space. Then the space of branes Map(S™, X) has an Eg-
algebra structure in Span(8) given by the brane action.

In the particular case of the co-operad Eff 1, this structure at the level of spans is a first step
towards the conjectural extension of Sullivan—Voronov brane topology operations to the chain level
of Map(S™, X).

Finally, using the notion of perfect stacks from [BZFN10] and the universal property of higher
categories of spans [Ste20], we can invert the wrong-way map in spans and obtain brane topology
structures in the setting of derived algebraic geometry.

Corollary 1.2 (Corollary 6.20). Let X be a perfect stack. Then the co-category of quasicoherent
sheaves on its space of branes Map((S™ 1)est, X) carries a canonical Eg-algebra (in particular
Ef_algebra) structure in dg-categories.

Organization of the paper. We start in section 2 by recalling some important constructions:
the co-categories of spans and that of twisted arrows, the precise definition of Lurie’s model Ext(o)
for the space of extensions and the definition of coherent oo-operads. We then define the brane
fibration, following Mann—Robalo, and outline the proof of theorem A. This proof is then completed



in section 3, by establishing that the functor 7: BO — Tw(Env(0))® is indeed a cartesian fibration
(theorem 2.17).

Section 4 is devoted to the proof of theorem B, that is the comparison between Mann—Robalo’s
and Lurie’s model of spaces of extensions, via the construction of an explicit zigzag of homotopy
equivalences. Next, we deal in section 5 with the problem of computing the homotopy type of
spaces of extensions, by establishing an equivalence between Toén’s and Lurie’s models, thereby
proving theorem C. Moreover, we discuss how our results differ from a claim in [Lurl7] and provide
a counterexample to the latter statement.

We end in section 6 with applications to brane topology, starting with a proof of coherence
of the oco-operad of B-framed little disks (theorem D). We conclude with a construction of new
operations on spaces of branes, both in the topological context (at the span level) and for derived
algebraic stacks (at the level of derived categories).

Finally, we provide an appendix, composed of two parts. The first contains definitions and
results concerning marked simplicial sets that are crucial to the arguments of section 4; they do
not appear in the literature and might be of independent interest. The second part gathers some
results from the literature, mainly on oo-group actions, and is provided merely for the reader’s
convenience.

Notations and conventions. We work in the particular model of co-category theory given by
quasicategories and use Lurie’s presentation of co-operads. Our notations generally follow those
of [Lur09] and [Lurl7].

o Particular arrows: monomorphisms are denoted as A <— B, cofibrations as A >~ B and
atomic morphisms (see definition 2.4) as A — B.

e When considering a diagram X: P — € from a poset P to an co-category C and a sequence
i0 <1 < ... < iy, in P, we will write X, ...X; for the n-simplex of X o (ig...i,): A” —
P — C. For instance, the notation X;X; denotes the unique morphism X; — X, of the
diagram.

o Given a finite linear order I = {iy < iy < --- < i,}, the full subsimplex of A’ on the objects
ijo < -+ <ij, will be denoted A%o-%ik (unless k = 0). Similarly, AZ"”'”’“ stands for the horn

. . p
in A%o-%x obtained by removing the face opposed to vertex i;, . For instance, the horns A2

and A2 are respectively the simplicial subsets A2} and A1} of the 1-simplex A'?, while
the notation A}? does not make sense in our convention.

o For simplicity, given an occ-operad O%®, we will often write € for its symmetric monoidal
envelope Env(0)® and T for the associated twisted arrows oo-category Tw(Env(0))® (see
notation 2.11).

e We let F, denote the nerve of the category of pointed finite sets. We usually identify F, with
its equivalent full subcategory on the pointed sets (n) = ({0,...,n},0).

Acknowledgements. 1 would like to thank my advisor Grégory Ginot for his time, guidance
and constant support during my PhD. I am also grateful to Marco Robalo for numerous useful
discussions regarding this work.

This project has received funding from the European Union’s Horizon 2020 research and inno-
vation programme under the Marie Sktodowska-Curie grant agreement No 754362 .

2 The brane fibration

In this section, following [MR18], we explain how the brane action of theorem A arises from a
certain fibration, which we call the brane fibration. Before giving the precise construction, we
recall the notions of co-categories of (co)spans, of twisted arrows, of spaces of extensions in the
sense Lurie and the definition of coherent co-operads.



2.1 Categories of spans and of twisted arrows

Given an oco-category € with finite limits, we may form the oco-category Span(C) of spans in C,
whose objects are those of €, morphisms between two objects X and Y are given by span diagrams
X +— Z — Y and composition is given by taking pullback (see [Bar13] or [Haul8] for a rigorous oo-
categorical definition). Dually, if € has finite colimits, we may consider its co-category of cospans
Cospan(C) defined as Span(C°P).

The oo-category Span(€) has a canonical symmetric monoidal structure Span(€)®x induced
from the cartesian monoidal structure on €%, although Span(€)®x is not itself cartesian.

Definition 2.1 (Twisted arrow oo-category). Let s: A — A be the functor given by s[n] =
[n] * [n]°P. Precomposition with s yields an endofunctor s*: sSet — sSet that we shall denote Tw.
Left Kan extension of s along the Yoneda embedding of A induces a functor s, : sSet — sSet left
adjoint to Tw. The image under Tw of an co-category € is again an oo-category Tw(C) called its
twisted arrow oo-category, whose n-simplices are (2n + 1)-simplices s,(A™) = A™ x A™°P — C,
represented as

Xo X, X,
I l

To depict a morphism in Tw(C), that is, a twisted arrow between two arrows f and g of €, we will
often write f ~~ g.

Remark 2.2. Given a 2-simplex o

/\

X —"r 5z

in C that exhibits h as a composite of g and f, we obtain twisted arrows h ~» g and h ~» f in
Tw(C) given respectively by the following commutative squares:

X -h,z X r.oz
AN T N
Y—>Z XT}Y

in which the 2-simplices are either degenerate, are equal to o.

By [Lurl7, Example 5.2.2.23.], any symmetric monoidal co-category C® induces a symmetric
monoidal structure Tw(€)® on the twisted arrow oco-category Tw(C), in which the tensor product
of two morphisms f: x — y and ¢g: z — t is the obvious arrow of the form f® g: 2 ® 2z > y @ t.

An important feature of the construction of oco-category of twisted arrows is the following
universal property.

Proposition 2.3 (Universal property of Tw and Span). Let C and D be two co-categories
and assume that D has all finite limits. Then:

(1) There is a natural equivalence between the space of functors € — Span(D) and that of functors

F: Tw(C) — D satisfying the pullback condition: namely that for every 2-simplex h: X EN
Yy 4% 7z exhibiting h as a composite of g and f, the induced square

h —~~rny g
P
[ oy idy

in Tw(C) is sent by F to a cartesian square in D.



(2) If C® is a symmetric monoidal co-category with underlying oo-category C, then there is a
natural equivalence between the space of symmetric monoidal functors €® — Span(D)®x and
that of symmetric monoidal functors Tw(C)® — D* satisfying the above pullback condition.

A proof of the first part of this result can be found in the appendix of [HHLN20, Theorem
2.18.]: there, the statement takes the stronger form of an adjunction between Cat,, and a certain
oo-category Catgér of small oco-categories with directions, which fully-faithfully contains the oo-
category of small co-categories with finite limits and functors preserving them. In particular, this
requires to enhance Tw to a functor Caty,, — Cat‘ig. The extension to the symmetric monoidal
case is explained in [MR18, Corollary 2.1.3.].

2.2 Extensions and coherent co-operads

In this subsection, we recall the definition of the oco-category of extensions of an operation in an
oo-operad and the closely related notion of coherence. We essentially follow [Lurl7, Section 3.3.1],
except for a small difference in the definition of Ext(o) (see remark 2.8).

Let p: O® — F, be a unital oco-operad.

Definition 2.4 (Semi-inert and atomic maps). Let f: X — Y be a morphism in O®, corre-
sponding to a morphism o = p(f): (n) — (m) in F, together with a family of multimorphisms
fit {Xi}aq)y=; = Y; for j € (m)°. We say that f is semi-inert if for every j € (m)°

o either the set a~1{j} is empty, or
o the set a~!{j} is the singleton {i;} and the map f;: X, — Yj is an equivalence.

Following the terminology of [Ker21], we say that f is atomic if it is semi-inert and lies over an
inclusion a: (n) — (n 4+ 1). In other words, f is atomic if and only if it is semi-inert with no
non-trivial factorization through another semi-inert morphism. Given a commutative diagram

X —Y X
A VAN
x Ly x —L 5y

with fx and fy atomic, we say that f is compatible with extension if f sends the unique color of
p(X’) \ im(p(fx)) to the unique color of p(Y’) \ im(p(fy)).

Remark 2.5. In [Lurl?, Definition 3.3.2.3.], the notion of a m-semi-inert morphism is introduced,
for m € N. In terms of this definition, a morphism f in O® is atomic if and only if it is 1-semi-inert
but not 0-semi-inert.

Definition 2.6 (co-category of extensions). Let o: A" — 02, be an n-simplex corresponding to a

sequence of active morphisms X EEL X,,. Given a downward-closed subset S ={0,...,r} C
[n], let Ext (o, S) be the (non-full) subcategory of Fun(A™, 0%),, whose

« objects are diagrams A! x A" — 0% represented as

X, L I x, Xyt —— I x,
[9 0 [9 r Ilg r4+1 Ilg n

X/ f{ f;‘ XI XI f7/1 lA
0 , el — . — X,

satisfying the following conditions:

1
2) if i € S, then g; is atomic,

) if ¢ ¢ S, then g; is an equivalence,
)

3) if i € S\ {0}, then f/ is compatible with extension,
)

(
(
(
(

4) each map f] is active;



« morphisms are diagrams A% x A" — 0% represented as

X() L) L}Xn

[90 gnll
, h fa /
Xo—— ... — X, |

J{ho hnl
"

£ f
xp s xy

in which the morphisms h;: X! — X" are compatible with extension for all i € S.

o+, we write Ext(o) for Ext(o, {0}). We call Ext(o) the co-
category of extensions of . When the underlying co-category O of O® is an co-groupoid, Ext(o)
is a Kan complex and therefore refered to as the space of extensions of o.

Given an active morphism o: A — 0%

Ezample 2.7 (Description of Ext(c) in the discrete case). Let Oa be an operad in sets, O% its
homotopy coherent nerve and o: (m) — (1) an active morphism in O®. Then the k-simplices of
Ext(o) are those functors between 1-categories [1] x [1+ k] — O whose associated diagrams is of
the form

(m) —Z— (1)

[atomic J{N

(m+1) 225 (1)

(m + 1) =2ty (1)

| s

(m+1) 2% (1).

and such that all the left vertical morphism (m + 1) — (m + 1) are compatible with extensions.

Remark 2.8 (Difference with the existing definition). The previous definition is slightly different
from the initial definition from [Lurl7] in that we impose a condition on the morphisms in Ext(o),
rather than defining it as a full subcategory of Fun(A™, 0%), /- The reason for this choice is that
the space defined in [Lurl7, Definition 3.3.1.4.], that we shall denote Ext™* (o) here, does not have
the expected homotopy type. To see this, consider the example of the commutative oco-operad
O0® = Comm® and o: (m) — (1) be an active map in Comm®. As described in [Lurl7, Example
3.3.1.12], the space of extensions of ¢ is supposed to be the singleton set (1)°, viewed as a discrete
space. However, the space Ext™ (o) is not discrete. Indeed, consider the object o € Ext™ (o)
given by the following diagram

(m+1) —— (1)

where m is a positive integer, !: (m + 1) — (1) is the unique active map and 4 the canonical
inclusion. We claim that 7 (Ext™(5), ) is not trivial. Let u: (m + 1) — (m + 1) be the
morphism in Comm¢, that restricts to the atomic morphism i on (m) and sends the remaining
color m + 1 to 1. Then the diagram



defines a morphism : o — o in Ext™ (') with the property that [y] # [ids] in 71 (Ext™ (o), o).
Indeed, a homotopy between v and id,, would give a retraction p of u, which can’t be.

Note that diagram (3) does not define a morphism in Ext(o) since p is not compatible with
extensions. We will see that definition 2.6 yields the expected homotopy type for the spaces of
extensions: this is the content of theorem C.

Definition 2.9 ([Lurl7, Definition 3.3.1.9]). An oc-operad O% is coherent if it satisfies the fol-
lowing conditions:

(a) it is unital,
(b) its underlying co-category O is an co-groupoid,

(c) for every degenerate 3-simplex o

y — 4 7
LN
X%Y

in O2,, the commutative diagram

act»

Ext(0,{0,1}) —— Ext(o|a(0.1.31,{0,1})

| | g

EXt(O’lA{o,2,3}, {O}) —_— EX'E(O’|A{0,3} s {0})

is a homotopy cocartesian square of Kan complexes.

Remark 2.10. Let 0 and S = {0, ...,r} be as in definition 2.6 and suppose that O is an co-groupoid.
As mentionned before, the simplicial set Ext(o) is a Kan complex. By remark [Lurl7, Remark
3.3.1.6.], if < [n], there is a canonical map Ext(o, S) — Ext(f,4+1) which is trivial Kan fibration.
Using these equivalences, we may rewrite the commutative square (4) as

Ext(idy) — Ext(g)

| | 0

Ext(f) —— Ext(go f).

Note that the previous square is only well-defined in the homotopy category of spaces.

2.3 Symmetric monoidal envelope and its twisted arrows

Recall the construction of the symmetric monoidal envelope Env: Op_, — Catg, which is left ad-
joint to the forgetful functor from symmetric monoidal co-categories to co-operads [Lurl7, Section
2.2.4]. This left adjoint sends an co-operad P® to the oo-category

EHV(T)@) = fP® XFun({O},]F*) FunaCt(Al,F*),

where the superscript act indicates the full subcategory of Fun(A!,F,) whose objects are ac-
tive morphisms in F,. This co-category inherits a symmetric monoidal structure via the func-
tor p1: Env(0)® — F, given by evaluation at 1 € A!. Note that the underlying oo-category
Env(0) of Env(0)® can be identified with the wide subcategory 02, of O® consisting of all ob-
jects and only active maps between them. As explained in 2.1, the co-category of twisted arrows
Tw (Env(0O)) inherits a symmetric monoidal structure from that of the monoidal envelope, also
denoted p;: Tw(Env(0))® — F,.
For later purposes, we let po: Env(0)® — F, denote the functor given by evaluation at 0.

Notation 2.11. For simplicity, we will write & for Env(0)® and T for Tw(Env(0))®.



Let us unravel the definitions of € and 7.

An object in €, is given by an object X € O%«) together with an active map (k) — (n) in
F.. In terms of the projection functors py and p1, we have that po(X, (k) — (n)) = (k) and
p1(X, (k) = (n)) = (n). Thus, we may think of the object (X, (k) — (n)) in & as a list of n
objects (X1,...,X,) in O®, with total arity ® ; po(X;) = (k).

A morphism f in € from (X, po(X) — (n)) to (Y,po(Y) — (m)) is a morphism X — Y in
O® together with a commutative diagram

po(X) — po(Y)

| |

(n) —=— (m).
In the case where « is active, the morphism f is pi-cocartesian if and only if X — Y is an
equivalence, by [Lurl7, Lemma 2.2.4.15.]

An object of T, is given by an active map g: X — Y in 0% together with a commutative
triangle

Po(X) D, po(Y)

}wu/m

of active maps in F,. A morphism in T from the previous object to (¢': X' — Y, po(Y') —
(m)) is given as a pair of commutative diagrams

po(X) —— po(X')

X NS G po(9) J{po(g/)
| lramd g (¥) — po(Y) (6)
Y +——Y' lact lact

(n) —=—— (m)

respectively in O® and F,. If one interprets the objects in € as lists of objects of O®, then
the equivalence T,y ~ Tw(0%,)™ allows to view the object (g: X — Y,po(Y) — (n)) in

T(ny as a list of n active morphisms (X; — Y1,...,X,, = Y;) in O%.

A morphism in T between two objects (o1: X3 — Y1,...,00: X;, — V,) and (07: X| —
Y{,...,ol.: X/ — Y/) then corresponds to a morphism «: (n) — (m) in F, together with
a commutative diagram in O% of the form

i€a~1(j)

@imlact Jact
® Y

i€a~t(j)

for each j € (m)°.

Remark 2.12. Consider the morphism in T given by diagrams (6) and assume that « is active. Then
this morphism is pi-cocartesian if and only if both maps X — X’ and Y’ — Y are equivalences.

2.4 Construction of the brane fibration

To prove theorem A, we will follow the strategy developed by Mann—Robalo in [MR18, Section

2.1]. Let us recall their approach.

10



2.4.1 Mann—Robalo’s strategy

First, note that the datum of a map of co-operads O® — Cospan(8)® is equivalent to that of a map
of symmetric monoidal functors & — Cospan(8§)®. By the universal property of spans (proposition
2.3), this datum is equivalently that of a symmetric monoidal functor T — (8°P)! satisfying
the pullback condition. By [Lurl7, Proposition 2.4.1.7.], since the monoidal structure (8§°P)" on
8°P is cartesian, this is the same as providing a weak cartesian structure T — 8°P satisfying
the pullback condition. Using the Grothendieck construction, it will suffice to construct a right
fibration 7: BO — T whose classifying functor F;: T — 8°P satisfies the conditions described
above.
The rest of this section is devoted to the construction of this fibration 7.

Definition 2.13 (The brane fibration, following [MR18]). Define BO as the subsimplicial set of
Fun(A!, T) whose

» objects are twisted morphisms o ~ o such that
— the projection p; (o ~» o1) in F, is the unique active map p; (o) — (1);

— in the corresponding 3-simplex in O®

oo -+
So — SO

UJ Lﬁ (7)

~ +
S1 45— 51
the map oy is atomic and o is an equivalence;

e morphisms from o ~ o% to 7 ~» 7% are the morphisms f in Fun(A!, T) such that

0~ ot pi(o) = (1)
— the projection pq é in F, is the diagram l lid
Tt pilr) =255 (),

— in the induced square
Sp 20 SF

fol lf()* (8)
TO 7o TJ7

the morphism fi is compatible with extension, in the sense that po(f;") is of the form
(s + 1) — (t+ 1), sending the singleton (s + 1) \ im(pp(0p)) to the singleton (¢t + 1) \
1m(p0 (T())).

Let m: BO — T be the composite of evy with the inclusion BO C Fun(Al, T).
Remark 2.14. The following properties will be useful throughout this paper.
« Since equivalences and atomic maps are active, the diagram (7) is in fact in O?:r

e The image of BO under p; is constant along the fibers of 7, in the sense that there is a
commutative diagram

BO «—— Fun(Al,7)

g

T p1o—

g

F, —— Fun(Al,F,).

11



Here ¢ is the unique functor that sends (n) to the unique active morphism (n) — (1) and
such that evg o e = idp, and evy o€ = const(yy. Thanks to this observation, we will often
leave implicit the description of the projection under p; of various constructions.

Let us mention the following general facts about BO.

Lemma 2.15. The inclusion BO C Fun(Al,T) is a conservative isofibration. In particular, BO
s an oo-category.

Proof. We have to show that BO is a replete subcategory (in the sense of [Lur22, Definition 01CF)
and [Lur22, Example 01EX]) of Fun(A!,T). First, we verify the conditions of [Lur22, Corollary
01CR] to prove that BO is a subcategory of Fun(A!, 7). As the condition of compatibility with
extension of 2.13 only depends of the image of the morphisms in the 1-category F., one easily
verifies that the set of morphisms in BO contain all identities of objects in BO is closed under
homotopy and composition, as desired.

Next, we turn to the proof that BO is replete. Let f*: 0" — 77 be an equivalence in Fun(A!, 7)
with ot € BO. We have to show that both 7+ and f* belong to BO. Since the canonical
functor Tw(0%) — 0% x (0®)°P is conservative (being a right fibration), we deduce that in the
diagram induced by f* in 0%, all four morphisms fo: So — To, fo : S§ — T, fr: Tt — Sy,
f1Jr : T1+ — Sf’ are equivalences. From this and the commutativity of the square (8), one obtains
that 7o: Ty — T, is semi-inert, lies over an injection (t) < (t+ 1) and that f; is compatible with
extension. Similarly, the morphisms o1, f1 and f;" are equivalences, therefore so must be 71. This
concludes the proof. O

Lemma 2.16. Assume that the underlying co-category O of O% is an co-groupoid and let o € 7.
Then the fiber BO, of m at o is a Kan complez.

Proof. By the previous lemma, the inclusion BO C Fun(A!,T) is a conservative isofibration. So is
the map evg: Fun(Al,T) — T, hence 7 is an isofibration. To prove the result, it now suffices to
show that 7 is conservative. Consider a morphism f: c™ — 77 in BO whose image 7(f) in T is
an equivalence. The data of f is that of a diagram of the following form:

Using that the fibration T — & x £°P is conservative, we deduce that fo and f; are equivalences.
By definition of the objects in BO, the maps ¢; and 7 are also equivalences, therefore so is f; .
Finally, we claim that f; is an equivalence. To see this, write f;" as the sum fo @ fi |1, where

1S5\ So — Ty \ Tp is the restriction of fi" to the new color. Since f;|; is a map in O,
which by assumption is an co-groupoid, it is an equivalence; therefore so is f. O

2.5 Proof of theorem A

One of the key steps in the proof of theorem A is the following result, whose proof is given in
section 3.

Theorem 2.17. Let O% be a unital co-operad. Then the functor m: BO — T is a cartesian
fibration.

Assuming theorems 2.17 and B, whose proofs will be given in subsection 3 and 4, we can prove
theorem A.


https://kerodon.net/tag/01CF
https://kerodon.net/tag/01EX
https://kerodon.net/tag/01CR
https://kerodon.net/tag/01CR

Proof of theorem A. By Mann-Robalo’s argument (as described in section 2.4.1), in order to prove
the theorem it suffices to construct a right fibration over T, with fibers equivalent to spaces of
extensions and whose associated functor T — 8°P is a weak cartesian structure and satisfies the
pullback condition of proposition 2.3.

Theorem 2.17 ensures that 7 is a cartesian fibration. By lemma 2.16, its fibers are Kan com-
plexes, hence 7 is a right fibration. Moreover, theorem B identifies the fiber BO, over an ob-
ject o € T as its space of extensions Ext(c). Therefore, it remains to show that the functor
F: T — 8°P classifying the right fibration 7 is a weak cartesian structure and satisfies the pull-
back condition. The latter is exactly the condition that the co-operad O® is coherent, using the
equivalence BO, ~ Ext(c). For the weak cartesian condition, let o in 7 be decomposed as a sum
o ~ @ ,0; of objects in T3y ~ Tw(0%,). Since p; is constant along fibers of 7 (in the sense of
remark 2.14), the fiber BO, decomposes as a disjoint union of the spaces BO,,, so that the natural
map Fr(0) < [[I_, Fx(0;) in 8 is an equivalence. This shows that Fj is a lax cartesian structure.
To verify that it is in fact a weak cartesian structure, let f: 0 — ¢’ in T be a p;-cocartesian lift
of the unique active morphism (n) — (1) in F,.. By remark 2.12, this implies that the two maps
source(o) — source(o’) and target(o) < target(o’) are equivalences, which in turn ensures that
F.(f) is an equivalence, as desired. O

2.6 Generalized version of theorem A

The brane action given by theorem A can be generalized to the setting where O% is a unital oo-
operad, without assuming that its underlying oo-category O is an oo-groupoid (condition (b) in
the definition of coherence given in 2.9).

To make this claim precise, let us say that an co-operad O is categorically coherent if it is unital
and satisfies the variant (¢) of condition (c¢) in definition 2.9 in which one requires diagram (4)
to be a categorical pushout square of co-categories (instead of a homotopy pushout square). Note
that if O% is unital with O® an co-groupoid, i.e. O% satisfies conditions (a) and (b) from definition
2.9, then conditions (¢) and (¢’) actually coincide, since for Kan complexes, homotopy pushout
squares are automatically categorical pushout squares. As a consequence, coherent co-operads are
categorically coherent. The generalized version of theorem A writes as follows.

Theorem A’. Let O% be a categorically coherent co-operad. Then the collection of co-categories
{Ext(id;)}eco carries a canonical O-algebra structure in Cospan(Cate), which recovers that of
theorem A when O is an co-groupoid.

The proof of theorem A’ is almost the same as the one given above for theorem A, only slightly
simpler. Indeed, most of the arguments, including the use of theorems 2.17 and B, do not use the
assumption that O is an co-groupoid. The only difference is that in the situation of theorem A’ 7
is merely a cartesian fibration (as opposed to a right fibration) and therefore its classifying functor
is of the form T — CatZl.

Following [To€13], one may go one step further in generality by dropping the assumption that
O® is coherent, that is assuming only that O® is a unital co-operad. In this case the brane action
merely gives a lax algebra structure on the oco-category Ext(o) in cospans of oo-categories, which
is an genuine algebra structure precisely when O® is coherent (in the previous generalized sense).
We refer to Kern’s thesis [Ker21] for more details on this lax structure.

3 Cartesianity of the brane fibration

This section is devoted to the proof of theorem 2.17, asserting that the brane fibration 7: BO —
Tw(Env(0))® of definition 2.13 is indeed a cartesian fibration. We will define particular lifts of
edges along 7 and then show that these are cartesian arrows in BO in the rest of the section.
Note that cartesianity of this fibration is the property ensures the existence of all the homotopical
coherences involved in the definition of the O-algebra in Cospan(8) given by the brane action.
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3.1

Construction of cartesian lifts

Let f: 0 ~ 7 be a morphism in T and let e,: 7 ~ 7 be in the fiber BO,. We will construct a
cartesian edge f*: ot ~ 77 lying m-above f.

+ STy

ot - > T BO
i T &
&% T T

Ty
>
S() L TO ‘/T+ (10)
o T T1+
—
Sl <f7 T1
1
in € and want to extend it to one of the shape
.
S L ey T
0 _- | 0
S < i fo T / +
R " (11)
\‘/ T
e T
7 1
L’// o1 %
1

so that the resulting morphism f¥: o® ~» 77 is in BO. We proceed in several steps, depicted in
figure 3.1.

Step 1.

Step 2.

Step 3.

Pick a representative f for the composite e, o f in 7. In particular, this yields a 3-simplex
SOTJTf'Sl and a 5-simplex SOTOTJ'T{"TlSl extending diagram (10).

Define the object Sf‘ as 57 and the morphism oy : Sf — 51 as the identity. Since oy is an
equivalence, by using Joyal’s lifting theorem [Lur22, Theorem 019F] and several horn fillers,
we can extend the 3-simplex SoT"T7FS1 to a 4-simplex SoT 15 S;S1.

We now turn to the key step, namely the construction of the triangle SOSSr TO+ . Decompose
T, as a sum of colors

TO+ = EBiEPo(To)Ci & cr
so that C'* is the color lying above the element po(75") \ im(po(70)). Since O is unital, there

exists an essentially unique morphism ¢o+ from the zero object of O® to C*. Define S as
the sum Sy & C* and og as idg, ®Gto+, which is clearly an atomic morphism.

It remains to construct f(;r . Note that po( fg' ) is required to coincide with the unique mor-
phism h: po(S57) — po(T") that restricts to po(fo) on po(Sp) and preserves po(CF). Consider
the co-category

M= (O®)A2 X(@@)A{Q} {TS_} X(o@)Am {00} XFAE {(pO(fO)ah)}

consisting of all diagrams of the form


https://kerodon.net/tag/019F

satisfying po(a) = h and po(b) = po(fo). The inclusion A2 < A? yields a morphism

M — Map?elf®) (Sp, T3 = HMapp (S0, C). (13)

=1

On the other hand, from the inner anodyne inclusion A7 < A? and the definition of oo-
operads, we get the following sequence of equivalences

~

M — Maph (Sg, 1)

SalN HMa PR (S, Ci) x Mapls <"(SF,C)

e HMapp h(Sp, Cy) x Mapy (CT,C™T).

=1

Composing those equivalences with the projection Map,(CT,CT) — * recovers exactly the
morphism (13). Therefore we see that the co-category of diagrams of the form (12) satisfying
that b = fo, which we identify with the fiber of the morphism (13) at fo, is equivalent to
Mapy (CT,CT).

To define fg' and a corresponding 2-simplex of diagram (12), it then suffices to specify any
object in this oco-groupoid Mapq (CT, CT).

Step 4. At that point, we have extended the 3-simplex SOT(T Tt S; to a diagram of shape

+t gt + et
ASOTO ’I‘1 Sl Sl LJASOTO+ ASOSO TO .
A Sigrnp}eJrcgmputation shows that the inclusion of the latter simplicial set into
A0Sy T T S151 g inner anodyne; this allows us to choose an extension of this diagram
to a 5-simplex So.Sg Ty 15 S1 S1.

S, E—— 1

Figure 1: Diagrams of steps 1, 2 and 3 of the construction of f*. An arrow is dashed if it is added
at the current step.

This completes the construction of an edge f*: o™ ~ 77 lifting f. The bulk of the proof of
theorem 2.17 consists in proving that f¥ is cartesian.

3.2 Outline of the proof of cartesianity

Given a morphism f: o — 7 in T and an object 7+ in BO, we have constructed a particular edge
ft:ot — 71 lying over f, which can be interpreted as an object in the co-category BO -+ x7, T
The purpose of this section is to give an overview of the proof that fT is cartesian. The details
will be dealt with in the rest of the section.

Notation 3.1. Throughout the proof, we will make use of the notation introduced in A.12. In other
words, from now on, we fix an object v € BO, write D, + for the co-category BOr+ x5, T/ X80
{v*} and fix an object u in it. We then consider the associated space of lifts

L= ‘BO/er XBO {I/Jr} X’DV+ {U}
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More explicitly, the datum of the object uw € D, + is that of a triangle ug in T of the form

g

/ & (14)

vV —mmmmm T

together with a morphism ¢g*: v+ — 7% in BO lying m-above g. An object in £ is a lift of u, that
is the datum of a triangle
ot

/ % (15)

vt —— 24

in BO that lies m-above the triangle ug depicted in (14). In the diagrams parametrized by this co-
groupoid £, only the morphism v — ¢ and the 2-simplex filling triangle (15) are allowed to vary.

By lemma A.13, proving that f is m-cartesian amounts to showing the following result.
Proposition 3.2. The space of lifts £ is contractible.

The rest of this section is devoted to the proof of proposition 3.2. To help the reader, let us first
explain the strategy of the argument: we will study the terminal morphism ¢: £ — *, decompose
it as a composition

g £ 9% £ @ s B p@ e o, (16)
and prove that each of the maps ¢(¥) is an equivalence of Kan complexes. The idea is that each
oo-category £(9) parametrizes diagrams in T of a certain shape S(*) and with certain data fixed.
For i > 0, the functors ¢ : £0=1 — £ can be interpreted as forgetful maps. The simplicial
set SO is A2 x A! and corresponds to the shape of diagrams in & corresponding to triangle in
BO (such as diagram (15)). The decreasing sequence of simplicial sets S0 5 (1) 5 §(2) 5 §©)
encode diagrams with fewer and fewer non-fixed data (see definition 3.5).

The following picture illustrates the decomposition of the composite functor £(©) — £,

ot

/
gt i st | i 7| o+ S
/ <, / <, KA. (17)

2NN Sy
g U ) LA
In this description, solid arrows stand for morphisms in T that are fixed within £, whereas
dashed arrows indicate morphisms that are allowed to vary in that space. At each step of the
composition, the new diagram is obtained from the previous one by removing one 3-simplex in T
(and some simplices of smaller dimension), namely the 3-simplices vv ot 77, vootrT and vorr™T,
respectively for ¢V, ¢ and ¢® (as indicated in grey in the picture). The last co-category £(3) = x
should be thought of as the fixed data in the £,

The functors ¢ and ¢®) are both induced by inner anodyne morphisms and will therefore be
trivial Kan fibrations. The case of the functor ¢(*) is more delicate, and proving that it is also a
trivial fibration will constitute the heart of the proof of proposition 3.2.

We divide the argument outlined above in three steps: each one amounts to proving that some
of the functors ¢(*) are equivalences. We postpone the most technical parts of the proof to the end
of the section (subsection 3.6).

3.3 From slices to functor categories: the functor ¢(¥

The first step is to define the functor ¢(9: £ — £©) and prove that it is a categorical equivalence.
The co-category £(©) will be a slight variation of £, in that these two co-categories both parametrize
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triangles of the form (15) with the following data fixed: the morphisms f* and g* in BO and the
triangle ug underlying u of shape (14). The two oco-categories thus share the same objects, the
difference being that £ is constructed from the slice co-category BO, s+ whereas £ is obtained

from the functor co-category Fun(A2, BO). More precisely, we define £(©) as
2
£O0 = oA X ponz {UF197)} xgaz {uo}. (18)

Lemma 3.3. There exists an equivalence of co-categories ¢(9: £ — £O) . In particular, £ is a
Kan complex.

To construct this equivalence ¢(©), we first need a comparison between slice co-categories and
corresponding oco-categories of diagrams, given by the following lemma.

Lemma 3.4. Let C be an oco-category and p: K — C a diagram. Then there is a canonical
equivalence of co-categories .
C/p — €57 xex {p}.

For the sake of completeness, we provide a proof of this folklore result at the end of this section,
see 3.6.1. We can now proceed to the proof of lemma 3.3.

Proof of lemma 3.3. First, note that we can write

L(O) = (BOA2 XBOA12 {f+}) Xp {u},

where P denotes the pullback

P = (BOA xyam {77}) X (7202, ) (72" xganz {1}).

Fa{2} {7}

We define the functor ¢(®: £ — £ as the one induced from the commutative square

BO/f+ # 'BOAz X poal2 {er}

| ! 09

BO/.,—Jr X‘J'/_,_ T/f e

by taking the fiber at w € BO, -+ X7, T/;.

To prove that ¢(?) is an equivalence of co-categories, we will use that Joyal’s model structure is
locally right proper (although it is not right proper). This property holds for any model structure,
and means that for any diagram d = (X, — X; « X,.) of fibrant objects in which one of the
maps is a fibration, the canonical morphism X, xx, X, = X, x})}b X, from the pullback to the
homotopy pullback is an equivalence. In particular, if a morphism of such diagrams d — d’ is a
pointwise weak equivalence, then the induced morphism limd — lim d’ is a weak equivalence.

Since each of the simplicial sets in diagram (19) is an co-category (hence a fibrant object in
Joyal’s model structure), to show that ¢\9 is an equivalence of co-categories, it suffices to establish
that the following two claims :

(1) ¢ and ¢’ are categorical equivalences,
(2) € and ¢’ are isofibrations.

To prove the first claim, we make again use of the argument described in the previous para-
graphs. Indeed, the morphism 1 is itself induced from the natural transformation of diagrams

BO/r+ Tjr Trs

lwa lwb lwc

02
BO" X atm {TH} —— T i {7} 5— T2 xqane {f}.
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Lemma 3.4 guarantees that each of the vertical morphism are equivalences. We know that T,y —
T/, is a right fibration (by the dual of Proposition 2.1.2.1 in [Lur09]), hence an isofibration.

We now prove that the functor x: ga? Xgar2 {f} — Ja” X al2} {7} is an isofibration. Let v
be an object in T4 Xgatz {f} and x(v) — W an equivalence in gAa® X gatzy {T}. We want to lift
this equivalence to one in T4 Xgarz { f}. The datum of v is that of a triangle in T of the form

o
N (20)
¢
L —————
The datum of the morphism x(v) — @ is that of a commutative square of the form

4
oq —— T

AN

of —— 7.

(21)

As a natural transformation is an equivalence if it so pointwise, the fact that y(v) — @ is an
equivalence translates into the statement that o — o’ is an equivalence. We want to extend the
previous diagram into one of the form

(22)

which represents an equivalence in JA’ Xgat2 { f}. We do this construction in several steps : first,
by gluing diagrams (20) and (21) and adding degenerate 2-simplices o771’ and oo’7’, we obtain the

diagram
/' o f
¢ >§
-

0_/

«

\f
o ——m— 7.
From this point, the construction of diagram (22) is obtained using successive horn fillers in 7,
that is to say a sequence of choices of solutions to lifting problems, each of the form

A — T

P
-
-
-
-
-
-

An

First, choosing a filler of the horn of shape A3 in ao77’, we construct the 2-simplex ao7’.
Similarly, by filling the horn A? in aoo’, we obtain a morphism aco’. Using a filler of the horn A%
in aoo’'r’, we get a 2-simplex ac’7’. Finally, using that the morphism aa’ is an equivalence, we
can fill the horn A2 in aa’o’; as well as the horn A} in aa’o’7’. This yields a diagram of the form
(22) in which o — o is an equivalence; hence an equivalence v — w lifting the given morphism
Xx(v) = w along x. This concludes the proof of the first claim.

We now come to the second claim. As £’ is a right fibration, it is in particular an isofibration.
It remains to prove that £ is also an isofibration. Consider an object z € BO 7+ X7, T,y and an

18



equivalence £(x) — 7 in P. We want to construct an equivalence z — y lifting £(z) — 7. The
data of x is that of a triangle in BO of the form

ot

/ X* (23)

+
ot — £t

The data of the morphism £(z) — 7 is that of a diagram of the form (22) and a lift
at £ o+
‘ (24)

o't 7+

of its subdiagram (21) along 7. By [Lur22, Corollary 01H4], since the morphism x is an isofibration,
the maximal co-subgroupoid P~ of P is given by the limit of the following diagram of co-categories

~

(BOAO2 X poal2) {#})2 — (‘TAM Xyalz) {T}> A (TAQ a2 {f}>:'

The morphism £(z) — 7 being an equivalence therefore translates into the fact that the morphism
a™ — o/t from is an equivalence. Our aim is to extend diagrams (23) and (24) to obtain a lift

(25)

of the given diagram (22) along the functor 7. The construction of diagram (25) is given by
solutions to the same sequence of horn filling problems as that of the proof that x is an isofibration
(in claim (1)); the only difference being that in the present case, the horn filling problems have to
be considered relative to the inner fibration 7, that is as problems of lifting of the form

A} —— BO

7
.
J’ ’ ’ lﬂ-
.
;
.

A" ——— T

This construction provides an equivalence x — y as desired, ensuring that & is an isofibration.
This concludes the proof of lemma 3.3. O

3.4 Anodyne extensions: the functors ¢® and ¢®

We have defined the functor ¢(®: £ — £©) and proved it is an equivalence of co-groupoids. We
now spell out the rest of the decomposition (16) of the terminal morphism g: £ — *, by defining
the oo-categories £, for i € {1,2,3}, as well as the functors ¢(¥).

Definition 3.5. o First, let SO denote the simplicial set A2 x A! with vertices labelled with
v,o0,7,vt, 0" vt as in the diagrams represented in (17).

o For i € {1,2,3}, we define decreasing subsimplicial sets S® of S(©) using the following

formulas:
S(l) — AVI/+T+ UAV7+ AVO’TT+ UAWTTJr Auaa*"r""
5(2) — AVV+T+ UAVT+ AIJUTT+ UA0T+ Ao’(er‘r'Jr7 (26)
S(S) _ AVI/+T+ U N AVO‘TT+ U . AUO’+T+
= AvT r Ao .
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For i € {0,1,2}, the simplicial set S will encode the shape of the diagrams parametrized by
L whereas S®) will describe the shape of diagrams that are fixed within £, The simplicial
sets S ..., S®) can be pictured as

I 2NN 4N ™

V——>T V——mT

Y,
/
\

We define £3) as the terminal oo-groupoid ; we think of its unique object as the diagram
SG) — T given by the data (ft, g, u) that we fixed earlier on. The inclusion . 80 ¢ gt-1

induces a forgetful functor p(9): T SCTY L 8™ that we use to define the oo-categories
&)
£ = g9 X s {(f+v9+’ o)},
(@)
L(2) = ‘IS XTs(S) {(f+ag+7u0)}'

Recall that £(9 was defined by formula (18) using terms of diagrams with values in BO. Never-
theless, the following lemma ensures that £(9) actually admits a simple equivalent description in
terms of diagrams in T, following the above pattern for £(1) and £(2).

Lemma 3.6. We have a canonical equivalence of co-groupoids
(0)
£O = T5 % o {(FF, 9% u0)}-
Proof. Tt follows from its definition that the oo-groupoid £ fits into the commutative diagram

L0 —
|- l
A2 AZ AQ A2
BOT — BO™2 xq T —— BO"2
| | |
FAZxA gs® JAZxA

in which the upper left and the bottom right squares are cartesian. To prove the lemma, it
therefore suffices to show that the bottom outer square is cartesian. Note that both vertical maps

2 2
BOA2 5 TAIXAT and BOA — TAXA are subcategories, meaning they are monomorphisms that
2
are inner fibrations. This implies that the morphism BOA: X aZxal JA* _ gA*XA §g also the
2
inclusion of a subcategory, hence it is enough to verify that the two subcategories BOA" and
2 2
BOA2 X azxal T4 have the same objects and morphisms. An object in BOA (respectively in

2 2 . .
BON2 X aZxal T27) is a diagram

+
51

af v | 3ot
aq

in T in which the maps aoaar, a1 and azaj are objects in BO and such that the morphisms s, ¢
and w (respectively only ¢ and w) lie p;-above id(;y and are compatible with extension (conditions
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of definition 2.13). The key observation is that whenever ¢t and w both satisfy these properties,
then so does s; this fact implies that the two subcategories have the same objects. One can use
a similar argument to show that the same is true for morphisms of these two subcategories, as
desired.

O

Therefore, the functors ¢(¥ and the oo-categories £V fit into the commutative diagram

co 1P oy e 4 e,

|- |- | |t (28)

75O p™ s p® 5 P

where all squares are cartesian.

We now claim that the inclusions ) : S ¢ §?) and j®: §? c SG) are inner anodyne.
For the latter morphism, this is obvious from the formulas (26), as j®) is obtained as a pushout
of the inner anodyne map AZ”TT+ C AT For the former map, note that we can write j?) as
a pushout of the composition

+

+ ++ + ++
AI/O’T UAUT+ AUO’ T C AZO’U T C AI/O’O’ T ,

in which both maps are inner anodyne. This shows the claim. We therefore obtain that the induced
functors p® and p® are trivial Kan fibrations. As every square in diagram (28) is cartesian, we
deduce that the functors ¢® and ¢® are also trivial Kan fibrations. In particular, we see that
L@ and L3 are contractible Kan complexes.

3.5 Existence and uniqueness of factorizations: the functor ¢

In order to prove theorem 3.2, it only remains to prove that ¢(!) is a trivial Kan fibration, which
is the main step of the proof. Since the inclusion j() restricts to a bijection S(()l) C S(()Q) on the
sets of O-simplices, by [Rez22, Proposition 40.6 and footnote 30], we obtain that pM: M) - £3)
is an isofibration. Since we already know that both £() and £ are Kan complexes, it follows
that p() is a Kan fibration. Since the squares in diagram (28) are cartesian, we deduce that g
is also a Kan fibration between Kan complexes. To see that it is a weak equivalence, we have to
show that all of its fibers are contractible, which is asserted in the following proposition.

Proposition 3.7. Let d: S — T be a diagram in L. Then the fiber L((io) of ¢V at d is
contractible.

Proof. First, we claim that the question can be restricted to the full subdiagrimi of d on the 0+bjfcts
v,vt, ot and 7. Indeed, if we let S denote the subsimplicial set AY" 7" U,,,+ A 7" of

SO = AvvToT T encoding commutative squares of the form

we observe that j(1): S ¢ §() can be written as the pushout

S g

1] <so>

s, g(0)
j(l) ’
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of the inclusion. Therefore we can identify the fiber of ¢(!) at d as

[JEZO) ~ .«IS(U) X,J,S(l)/ {d/}7
where d’ = d|gq), thus proving the claim.

Note that the diagram d’, which is of shape (29), is essentially determined by the fixed data
(f*,9%,up). In particular, in this diagram, the morphism o*7% is the edge f* constructed in
section 3.1 and the 2-simplices vo™7 and vvt7+ are given. The proof of the proposition thus
consists in showing that, from this data, the remaining simplices vTo*, vvTot, vTo™7rT and
vvToT 7% can be constructed in an essentially unique way.

Until now, the simplices were written in the co-category T; we need to reformulate the problem
in terms of diagrams with values in O®. The diagram d’ of shape (29) corresponds to a certain
diagram dj,: K — 0%, which can be pictured as

P i )
| T

Vo ‘ S 0
= (31)
y h — 17 h 6 ¢———|—
Vi ‘//Sr < 7 Z5 <
Here, in order to sometimes simplify notations, we denote the objects Vj, VO+, Sg’ , le— , Tf‘ ,

Sfr , V1+, V1 as the integers 0,...,7, in the same order. This way, we can write the simplicial set
indexing df, as the subsimplicial set

K = A013467 Uposa7 A023457

of A7. The fiber Lfio) is therefore canonically equivalent to the space LEIO) ~ (0%)A X(o@)x {dy}
parametrizing extensions of the diagram df, to a 7-simplex.

The key step of the proof concerns the space of lifts of the upper part of diagram (31), namely the
subdiagram indexed by the full subsimplicial set Ky C K on the objects Vj, V;;r? SO+ and TO+ . Note

that this simplicial set is isomorphic to Al x Al. Define 2 as the fiber (0%)A% x (0®)K0 {dig | ic, }; this
oo-category parametrizes extensions of the diagram diy|k,: Ko — O to a 3-simplex VOVJSSr TO+ .

Since the inclusion Ky C A% is a bijection on objects, the induced functor (O®)2° — (0%)Ko is an
isofibration and therefore the co-category Z is a space. We will show the following intermediate
result.

Claim 3.8. The space Z = ((‘)®)As X (ooyKo 1dy|r, } of lifts of the upper part of diagram (31) is
contractible.

The argument relies on the observation that the diagram Ko — O® — F, has a decomposition

podyli, =dg @ df{* given by

PV —— () () —— () (1) — (1)
] =1 T 1| #
pole) — l(S) ) —— ) (0 —— {1

where @ stands for the operation of pointwise disjoint union of diagrams in IF,. Using the identity
maps in (32), one readily sees that both diagrams dy and dﬂf* extend uniquely to 3-simplices dp_

and E];f* in I, which implies that the diagram p o djy|k, also extends uniquely to a 3-simplex,
namely J/]F* = givi* S3) c’ivf{ In particular, any diagram A3 — 0% in Z will be a lift of J’F*. This
shows that we can rewrite the space Z as

2 = (02)2 x(peywo {dip|io} Xpas {dr. }.
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We will make use of decomposition (32) to obtain a splitting of the space Z, using the next lemma.
Recall that a simplicial set is said to be braced if every face of a nondegenerate simplex remains
nondegenerate [Lur22, Tag 00XU].

Lemma 3.9. Let O% be any oco-operad. Let J be a braced simplicial set and I C J be a subsimplicial
set. Consider two diagrams q and r making the following square commute:

T O®
p (33)

q
— F,

N e

and assume that g decomposes as a disjoint union ¢ = ®}_,q; of diagrams J — F.. Then there
exists a decomposition r ~ @I_ir; such that the co-category of lifts in the square (33) splits as the
following direct product:

n

(0%) x (0o {r} xps {q} ~ H(O®)J X ooy {ri} xps {qi}- (34)

i=1

The proof of this lemma is given at the end of this section, in section 3.6.2.

We can now complete the proof of lemma 3.9. Through the first of the equivalences in (42),
the object r € (0%)! is identified with an object ®;r;. Now observe that D fits in a diagram of
pullback squares

— (0%)7 xp; {¢} —— (0%)7

T

—— (0%)" xp1 {qli} —— (0%)! xp F!

Nl

q

Since the vertical functor p is an isofibration, so is its pullback p’. Therefore the top left pullback
square is invariant under equivalence of co-categories. Using the above two decompositions, we
deduce that D itself can be written as a product

n n

D ~ [J(0%) xps {a:} X {ri} ~ JJ0%)” x(0oyr {ri} xzs {a:},

i=1 (O®)I><]]r£ {qi‘I} i=1

as desired. 0O

We now come back to the proof of proposition 3.7. Using the previous lemma, since A? is braced,
we obtain a decomposition djy|x, = dgy @ dg lifting that of equation (32) and a corresponding
splitting Z = 2~ x 2T, with components given by

Z:t = (O®)A3 X(O®)K0 {d:g} X]F*AS {Jﬁi} .

As before, we note that any diagram A3 — O® lifting d% will automatically be a lift of JI:FE
Therefore, the space 2ZF is equivalent to ((ﬁ)‘g’)AS X (0®)Ko {d%} We note that the arrow in d that
lifts the left vertical map id, in diagram (32) is an equivalence, since by assumption Vy — V}]+
is semi-inert. Similarly, the arrow in dg that lifts the right vertical map id; in diagram (32) is
necessarily an equivalence, by construction of the map S(')|r — T(j' . We claim that these properties
force the spaces Z~ and ZT to be contractible. To see this, we need the following version of Joyal’s
lifting theorem.
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Lemma 3.10. Let C be an oco-category and « an equivalence in €. Consider an outer horn

a: AR — C, with n > 2, whose restriction along Al on AD is a. Then the fiber CA" X orn @}
parametrizing extensions of the form

An
18 a contractible co-groupoid.

Proof of lemma 3.10. We want to show that any morphism 8: 9A™ — A" X oAl {@} extends to
an m-simplex, for all m > 0. This problem is equivalent to finding a lift in the commutative square

diagoa m
Ap 2207 ga
7

-7 %
-7 ¢
-
-
- ’

A" B GBA’”

where diag is the diagonal functor € — @A™, ¢* is the inner fibration induced by the inclusion
7: OA™ — A™ and (' is adjoint to OA™ LN X oAn {@} — C@~". As « is an equivalence, so is
diag o a: A — @2". Therefore, using Joyal’s lifting theorem [Lur22, Theorem 019F], we obtain
the existence of lifts in the above square, as desired. O

From the above argument and the previous lemma, we deduce that the space Z is contractible.
This proves claim 3.8. To finish the proof of proposition 3.7, consider the pushout K = K Ug, A3

and the inclusion ¢t: K — A7. The fibers L((io) and Z fit in the commutative diagram

£ T s {dp)
(O2)AT (O®)I? (DK
Lo
(02)2" —— (0®)Ko,

Here, both the right outer and the bottom right squares are cartesian, therefore so is the top right
square. As the top outer square is cartesian, so must be the top right square. To complete the
proof that Lfio) is contractible, we need a careful analysis of the morphism ¢. The result makes use
of the notion of right anodyne morphism recalled in the appendix in definition A.5 and writes as
follows.

Lemma 3.11. Consider the simplicial set A7 as a_marked simplicial set, with 6 — 7 as the only
nondegenerate marked edge. Then the inclusion : K — A7 is right marked anodyne.

This result is proved using a tedious explicit calculation that we defer to the end of this section,
in section 3.6.3.

Using the previous lemma and the observation that the morphism 67 in diagram d’|¢ is an
equivalence, it then follows from lemma 3.10 that the functor Lgo) — Z induced by /* is an
equivalence.

This concludes the proof of proposition 3.7, hence that of theorem 3.2.

3.6 Proof of technical lemmas

In this section, we complete the proof of theorem 2.17 by providing proofs to lemmas 3.4, 3.9 and
3.11.
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3.6.1 Proof of lemma 3.4

Proof of lemma 3.4. Let W be a simplicial set. By definition of the slice co-category, we have a
natural bijection
Hom(W, €C/,) = Homg (W x K, €),

where the index K, denotes the subset of those morphisms W x K — € that restrict to p on K.
On the other hand, we have a natural bijection

Hom(W, € xex {p}) = Hom, (W, €),

where we use the simplicial set

W=(WxK9 1 K.
WxK

We now construct a categorical equivalence @y : W — W % K, natural in W. It is obtained by
the universal property of the pushout W, induced by the canonical inclusion K — W x K and a
certain morphism W x K< — W x K. To describe the latter, recall that maps from a simplicial
set X to W x K can be identified with triples of morphisms (X — A, Xq — W, X; — K), where
X; = {i} xa1 X is the fiber at ¢. Using this description, the morphism W x K9 — W x K
corresponds to the triple

(canoproj: W x K — K9 — Al W x A2 W, proj: W x K — K).

We now prove that ¢y is a categorical equivalence. The argument relies on the fact that the
canonical morphism c4 p: Ao B — A x B, comparing the two join constructions, is a categor-
ical equivalence for all simplicial sets A, B [Lur22, Theorem 01HV]. Observe that W fits in a
commutative diagram

WxKe—Wx(A’oK) —— W x K9

idw Xcp0 g

oL

Tw,K

K— s WoK ————— W

in which all three squares are cocartesian. Since the top horizontal maps W x K — W x (A%« K)
and W x K — W x K< are monomorphisms, the left and outer squares are categorical pushout
squares; therefore, so must be the right one. As the top right morphism idw Xcao x is a categorical
equivalence, so is ¢y, k. Now observing that the comparison equivalence cyw x: W o K — W x K

factors as
W, K

WoK 25 W 2% WK,

we conclude that @y is a categorical equivalence.
<
The morphisms ¢y for varying W induce a functor of co-categories ¢: €/, — K xex {p}. To
prove that ¢ is an equivalence, we will show that for each simplicial set W, the induced morphism

ut o (Fun(W, €/,)) — mo (Fun(W, K X ok {p})ﬁ) (36)
is a bijection. By [Lur22, Tag 01KV], we have a canonical bijection
7o (Fun(W, €,,)%) = mo (Fung, (W x K, €)¥) .

We claim that one has a similar bijection for the target of ¢,, namely:

Claim. There is a canonical bijection
0 (Fun (VK CK X ox {p})_> =, (Fung, (W, €)%) (37)

Assuming this claim, we see that the morphism ¢, from (36) corresponds, under the previous two
bijections, to the map

@iy mo (Fung, (W * K, €)%) —mo (Fung (W, €)%),
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induced by ¢w. By assumption, ¢y is a categorical equivalence compatible with restricting to K;
thus ¢y, is a bijection, for all W, as desired.

To complete the proof, we now prove claim (37). Let «ap,a; be two functors W —
CK" xex {p} and let a@p,@; denote the corresponding objects in Fung, (W,€) under the bijec-
tion Hom (VV, CE" xox {p}) = Homg, (W, €). We wish to prove that ag and a; are equivalent if
and only if @y and @; are. To this end, we will use a characterization of equivalences in functor
categories. Counsider a categorical mapping cylinder of W, that is a factorization of (idy,idy ) of
the form

waw S gw 2w (38)

where p is a categorical equivalence and (sp,s1) is a monomorphism. From [Lur22, Corollary
01KD], we know that the objects ag and «; are equivalent if and only if the following condition is
satisfied:

(1) there exists a: RW — CX" xex {p} such that a0 sy = fo and a0 sy = fi.

By definition of the functor X ~ X, one observes that the latter condition is equivalent to the
following:

(2) there exists some o': RW — € satisfying o/ 0 55 = f, and o/ 037 = f;.

Using again [Lur22, Corollary 01KD], one sees that this last condition is verified if and only if the
objects f, and f, are equivalent, provided that the factorization

Wi W S R 2, W (39)

is a categorical mapping cylinder for W relative to K; the proof of this last fact is an easy verifi-
cation. This proves claim (37) and finishes the proof of lemma 3.4.
O

3.6.2 Proof of lemma 3.9

Proof of lemma 3.9. For ease of notation, let D denote the left hand side of (34). Consider a
diagram X € D. For each vertex j € J, we can write the object X(j) in the form &;X(j),,
with the resulting diagram X; lying over ¢;. Then, for each 1-simplex f: jo — j1 of J, using the

definition of co-operads, we see that the space Map‘é(f )(X (jo), X (j1)) decomposes canonically as

IL Map%’i(f)(X(jO)i, X (j1)i). Therefore, up to equivalence, we can write the morphism X (f) as a
disjoint union @;X (f); with each component lying over ¢;(f).

We now consider the general case. Let o be a simplex of J of dimension n and let a:: Sp™
A" denote the spine inclusion. Since Sp™ is 1-skeletal, the previous part of the proof gives a
decomposition of the space parametrizing diagrams Sp™ — 0 lifting g(o o ) as a product

n

[T(0%)%" xgsur {aio 0 @)} = (0%)%" xgapn {g(o 0 )}, (40)

=1

with the equivalence given by disjoint union. Now, as « is anodyne, we have a canonical equivalence

between the spaces of diagrams (O®)2" =5 (0®)SP" from which we can extend (40) to an

equivalence
n

[T(0*)2" xpan {ai(0)} =+ (0%)2" xzar {a(o)}. (41)

i=1

Claim 3.12. Using the previous equivalence for every simplex o of I and J, we obtain two decom-
positions

n n

H(O®)I XFI {ailr} ~ (O®)I XFI {ql1}, H(O®)J XFJ {g:} ~ (O®)J XFJ {q}. (42)

i=1 i=1
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Proof of the claim. We prove the result for J, the case of I being completely similar. Consider
the category A | J of simplices of J and let ¢ denote the inclusion (A | J)ng € A | J of the
full subcategory consisting of all nondegenerate simplices. Writing F and JF; for the simplicial
presheaves F(o) = (0%)2" xpar {q(0)} and F;(o) = (0®)A" xpar {gi(0)} on A | J, the natural
equivalences (41) give a natural transformation v: [[, F = F which is a levelwise categorical
equivalence. Our goal is to show that the equivalence (42) is obtained from ¢*vy: *[[, F; = *F
by taking the colimit over (A | J)nq

First, we show that .*[[, F; and *F are isofibrant diagrams, in the sense of [Lur22, Tag
0349]. We begin by proving that the forgetful functor U: (A | J)nq — sSet sending A" — J
to A™ is projectively cofibrant (that is cofibrant in the projective global model structure on the
diagram category Fun((A | J)ng,sSet)). Observe that each simplicial level Uy, of U decomposes as

a coproduct
U, =upt T uy®

of subfunctors of nondegenerate and degenerate simplices respectively. Each of these two subfunc-
tors is a coproduct of representables, so that both are projectively cofibrant. By [Dug01, Corollary
9.4], we deduce that U is projectively cofibrant. Therefore, the simplicial presheaves Hom (U, O%)
and Hom(U,F,) on (A | J)ug are isofibrant. Taking pullback, it follows that the simplicial presheaf
F is also isofibrant. The same argument proves that [[, 7; is isofibrant.

Since (* is a levelwise categorical equivalence between isofibrant diagrams, the induced map
lim(¢*y): lim [, «*F; — lim ¢ *F on limits is a categorical equivalence. The only remaining step
is to identify lim [[, ¢*F; (respectively lim ¢*F) with the left (resp. right) hand side of the second
equivalence of (42). To this end, note that since J is braced by assumption, the inclusion ¢ admits
a left adjoint and therefore is cofinal. This implies that J = colimlf = colim ¢*U, from which the
result follows easily. O

The proof of lemma 3.9 now follows from claim 3.12. O

3.6.3 Proof of lemma 3.11

Proof of lemma 3.11. Recall that the morphism ¢ is the inclusion

L K = | A013467 U A\023457 U A0123 A7
AO013 | A023

0347

using the numbering introduced in diagram (31). First, note that ¢ factors through K=K A%{W A7
T

and the right anodyne inclusion K — K satisfies the conditions of the statement. It therefore

suffices to show that the induced map K — A7 is inner anodyne. Note that the spine inclusion

Sp” — A", which is inner anodyne, factors through K. By the right cancellation property for inner

anodyne morphlsms it suffices to show that Sp’ — K is inner anodyne. We decompose the latter

inclusion in several steps; first, it is easy to see that the two morphisms

Sp7 — Sp7 U A0123 N (Sp7 U A0123> U A%567 = S
Sp0123 SpA567

Sp0123

are inner anodyne. As the inclusion Sp” — A7 factors through the composite map Sp” — 9, the
remaining steps consists in adding to S the simplices A%13467 and A23457, One verifies that the
intersection between S and A%13467 is given by

SﬂAOl?AG? AOIS U A34 U A467
A{3} A{4}

so that the inner anodyne inclusion Sp®*34%” — A7 factors through SNA%3467 45 an inner anodyne
map. Therefore, by right cancellation, we deduce that S N A%13467 _ AO13467 i inner anodyne.

Since the inclusion of S into the simplicial set S=5 s A Prsaer AP13467 ig the pushout of the inclusion
n

S N AO36T . ADI3467 it ig also inner anodyne. Finally, we will prove that the same holds for the
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inclusion S — S U A023567 — K We proceed as before: the intersection of S and A023457 jg given
by
G A02345T _ A028 (| AB4 ) A4ST
A3} Af4}

028457 _, AU23457 factors through it. To prove that S — K is inner anodyne,

023457 _y &' A923457 g this property, which is obvious. O

and the inclusion Sp
it is then enough to show that Sp

4 Comparison with Lurie’s spaces of extensions

We now turn to the problem of comparison between Mann—Robalo’s and Lurie’s models for spaces
of extensions, which we solve through theorem 4.1.

4.1 Statement of the results

Let O® be a unital cc-operad and fix an active morphism o, viewed as an object in the twisted
arrow oo-category T := Tw(Env(0))® of the monoidal envelope of O%.

The goal of the present section is to prove the equivalence between the fiber BO, of the brane
fibration BO — T (introduced in definition 2.13) at the operation ¢ coincide with the co-category
of extensions Ext(c) of o, thereby proving the corresponding claim in [MR18] 6. Our method
consist in providing an explicit zigzag of categorical equivalences between BO, and Ext(c).

Theorem 4.1 (Theorem B). Let o be an active morphism in a unital co-operad O%®. Then the
fiber BO, of the brane fibration and the co-category of extensions Ext(c) are equivalent in Cateo.

Corollary 4.2. Let o be an active morphism in a unital co-operad O%®, whose underlying oco-
category is an co-groupoid. Then BO, and Ext(o) are equivalent Kan complexes.

The difference between the simplicial sets Ext(o) and BO, can be observed from their set of
O-simplices. Both sets parametrize diagrams in O%®, respectively of the form

L and [ X T z (43)

that is, of respective shape A' x Al and A3, such that the following conditions are satisfied:
e the top horizontal arrow is sent to o;
o the left vertical arrow is sent to an atomic map;
o the right vertical arrow is sent to an equivalence in O%.

Informally, since the right vertical arrow is marked as an equivalence, both diagrams in (43)
encode the same data, namely that of a triangle of the form

% w

Our proof follows this idea and relies on finding suitable generalizations of the previous diagram
for higher dimensional simplices in Ext(o) and BO,.

6More precisely, for the claim BO, ~ Ext(c) to be correct, one needs to adopt definition 2.6 as one’s definition
of the co-category of extensions, instead of [Lurl7, Definition 3.3.1.4.] used in [MR18]. This minor change is argued
in remark 2.8.
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4.2 Definition of spaces interpolating between BO, and Ext(o)

We first discuss the shape of diagrams represented by general simplices of Ext(c) and BO,. Let
K be a simplicial set.

To help the reader with the cumbersome definitions and notations, we recommend to look at
figures 4.2.3 and 4.2.3 where the different diagrams introduced in this section are depicted, for the
cases K = A” and K = Al

4.2.1 Diagrams indexed by Ext(c)

Let Fy(K) denote the simplicial set K¢ x A® and consider the canonical projection Fy(K) — Al
The vertices in the fiber over 0 will be denoted as x, whereas those in the fiber over 1 will be
written T, where z € K<Y. Unravelling definition 2.6, we see that morphisms K — Ext(o) are
identified with those diagrams a: Fy(K) — 0% that send all morphisms in K x {1} C K< x A! to
equivalences and moreover satisfy the following condition.

Condition (x)g,: for every vertex k € K,
e the morphism <« — k in Fy(K) is sent to an atomic map;
e the morphism k — k in Fy(K) is sent to an active map;
o the restriction of o to {<} x Al is o; and

o for every morphism ko — k1 in K, the corresponding morphism in Fy(K) is compatible with
extensions.

Letting F,"(K) denote the marked simplicial set obtained from Fy(K) by further marking
the 1l-simplices of K< x {1}, one obtains a bijection between Hom(K,Ext(c)) and a subset
Hom? (F (K),0®) of Homgge+ (Fyf (K), 0%") given by those diagrams that satisfy condition
(*)o,o-

4.2.2 Diagrams indexed by B0,

Observe that the set of diagrams from K to BO, is a certain subset of

Hom(K, T2 xg {o}) = Hom(K x AL, T) x {ooprojg}.
Hom(K,T)

Using remark 2.14, we may then identify Hom (K, BO, ) with a particular subset of Hom(G(K), %),
where G(K) denotes the pushout

G(K) := s,(K x A") {0}

s
s+ (K'x{0})

Let Gt (K) denote the marked simplicial set obtained from G(K)® by further marking the arrows
of the form (k,1) — (k,0), for all vertices k in K. Unraveling the definition of BO, we will identify
Hom(K, BO,) with the subset Hom? (G*(K), 0%%) of Homge+ (GT(K), 9% consisting of those
diagrams verifying the following condition:

Condition (x)g ¢t

o the arrow 5,{0} = A' in G+ (K) is sent to o;

o for every k € K, the 3-simplex s,({k} x A') given by the vertices (k,0)(k,1)(k,1)(k,0) is
sent to an object of BO;

o for every l-simplex f: k — k' in K, the corresponding diagram s.(f x A!) is sent to a
morphism of BO; more explicitly, this conditions means that the arrow f x {1}: (k,1) —
(k',1) in GT(K) is sent to a map in O® that is compatible with extensions (in the sense of
definition 2.13).

29



4.2.3 Definition of intermediate steps

We will relate Ext(o) and BO, using intermediate oo-categories C;, for ¢ € {1,2, 3}, whose con-
struction is given by the following procedure. For K a simplicial set, the set Hom(K, C;) is iden-
tified with the subset Hom? (F;"(K), O®%) of Homgse+ (F;T (K), 0%%) consisting of all diagrams
FF(K) — 0%4 that satisfy a certain condition denoted (x); ,. Here, the marked simplicial sets
Ff(K) are to be thought of as shapes which interpolate between F;"(K) and G*(K). These
marked simplicial sets will fit into a zigzag of the form

Fif (k) 255 Ff () #5 Ff () 25 Ff () £ 6 (), (45)
natural in K, which yields a zigzag of functors of co-categories
Ext(o) «2 € 1 €y « 2 €y 2 BO,. (46)

Notation 4.3. Unless ambiguous, we will write i,, instead of i, (K).

We now describe the different marked simplicial sets F;"(K), their associated condition (x); ,
and the morphisms g, 1, 72 and p.

(F;) The marked simplicial set F;"(K) is obtained from the simplicial set

Fi(K) = colim (A™xA™),

by marking all edges of the second copy of A™.
(i9) Using that Fy(K) can be rewritten as Acolir}ré (A™ x Al), the canonical inclusions A™ x Al —
m_y <

A™ % A™ induce a map of marked simplicial sets io: Fy (K) — Fyf (K). Similarly to the case
of Fy(K), we label vertices of F}(K) as x or Z using the obvious projection Fy(K) — Al
where z € K.

(FyF) The marked simplicial set Fy (K) is defined as Fy(K)’, where
Fy(K) = K.

(i1) Using the isomorphism F5(K) = Acolir}n( (A™)> we define the inclusion i, : Fyf (K) — F;"(K)
m_y <
as induced by the morphisms i ,,: (A™)> — F;"(K) sending A™ to the first copy of itself
in A™ % A™ and > to <.

(F57) The marked simplicial set F5™(K) is obtained from the simplicial set
F3(K) = s, (K9) = Acolimq(Am * ATOP)

—K

by marking all edges of the second copy A™°P.

(i2) The morphism iy: Fy (K) — F; (K) is induced by the inclusions (A™)> — F;7(K), that
send > to 9 € Fy (K) and A™ to the first copy of itself in A™ x A™©°P,

(p) We now define the morphism p: GT(K) — F; (K). We will make use of the canonical
isomorphism
s.(K x AY) =2 colim s,(A™ x A).
AT K

Given an n-simplex 7,: A" — K of K, consider the projection fp,: A" x Al — (A")?
that sends the vertex (k,1) to k and all vertices of the form (i,0) to <. The composition
Tn © Pn: A" x Al — K< yields a map
SuPn: S:(A" x A1) = 5, ((A™)?) C colim s,(A™) = F3(K).
AM SRS

For varying n-simplices 7,,, the maps s.f, organize into a map p: s.(K x A1) = Fif (K),
whose restriction to s, (K x {0}) factors through s, {0} as the inclusion 5. {0} = A% C F;(K)
and therefore induces our map p: G(K) — F3(K).
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Figure 2: Zigzag diagram (45) for K = {ko} = A

g “?/»i\ :

k1—>k‘1 k14>]€1

EN = . d
° ” (ko, 1) (ko, 1) T
N

kl —_— ’“1 (k1,1) ————— (&, 1)

o‘

[

Figure 3: Zigzag diagram (45) for K = {ko — k1} = Al

(*)n,c The conditions (), for n € {1,2,3} are given mutatis mutandis by condition (x)g,o-

Lemma 4.4. Letn € {1,2,3} and let K be a simplicial set. Consider the corresponding morphism
in: FH(K) — FF(K), where the indices a and b are determined by n. Then a functor a: Ff (K) —
O®8 satisfies condition (%)a, if and only if i, (K)* () satisfies condition (%)p. -

Proof. The lemma follows from inspection of the different conditions. O
We now establish that the definition of (C,)s as Hom? (EF}(A®), 9%5) yields an co-category.
Lemma 4.5. Forn € {1,2,3}, the simplicial set C,, is an co-category.

Proof. We first prove the result for the simplicial set C;. Let k,m € N with 0 < £ < m and
f € Hom? (FyF (A7), 9%%). We will show that the existence of a lift in the following diagram

by decomposing the vertical map as a sequence of inner anodyne morphisms. First, let Xy denote
the simplicial set A" U FF (A7) U A7 Tt is clear that the inclusion F;" (A7) — X is inner
anodyne. Since ) — A™ is both right and left anodyne, we may choose an increasing filtration

D=AyCA C---CA =A" (47)

of subsimplicial sets of A™ such that each inclusion A; — Aj4; is the pushout of a horn inclusion
AmJ — A™i which either is inner anodyne or satlsﬁes m; < 1. Note that in the latter case, the
horn inclusion is left or right anodyne. Introduce the simplicial sets

Xj = XQU(A;]*T?)

Vi = XoU(Aj;q # A7) U (AT = AT,
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so that the inclusion Xy — F;F (A™) can be written as the sequence of inclusions

XoCYoCX; SV C...CX, ) CY,y CX, = F(A™).
Each inclusion Y; — X1 is the pushout of the morphism (A§ C AS, ;) (Tj C Aj,;); lemma
A.9 implies that it is inner anodyne. For p € [m], let A;(p) denote the intersection of A; with the
face of A™ opposed to vertex p. For every j with 0 < j < r, let p; denote the index of the unique
face of A™ that contains Ajyq \ Aj. Now consider the inclusion X; — Yj. By construction of the
filtration (47), this inclusion is obtained as a pushout of the map

(A5 B3 U AT () * 851 (0)) U (A500) # K5 U AL (0) * A5 ()

|

(A;‘ *W) U (Aj+1(Pj) * /T;) :

This last map is the pushout of the map (AS(p;) C AY) ® (Af(p;) € Aj,(p;)) with its symetric;
it is therefore an inner anodyne map by lemma A.9, as desired. Therefore f extends to a map
f: FjF(A™) — 0%, The fact that f belongs to the subset Hom? (F;"(A™), 0®) follows directly
from the similar hypothesis for f; this concludes the proof that C; is an oco-category.

One can give a very similar proof for Cs, simply reversing the direction of the edges in A™; we
shall therefore omit the details.

We now turn to the case of Cy. As before, let k,m € N with 0 < k£ < m. It is enough to
prove that the inclusion F;M (A7) — F;"(A™) is inner anodyne. One simply observes that this
inclusion can be described as successively adding to F5 (A7) = (A7*)® fillers of the inner horns
A AO-mAD-m> and A0™” which proves the claim. O

4.3 Proof of theorem 4.1
4.3.1 Strategy of proof

We explain our approach to proving that the functors if, ¢ and 5

L% L% %

Ext(o) +2— € —2 Cy +2— C4

from zigzag (46) are all equivalences of co-categories. The remaining case of the functor p*: C3 —
BO, is treated separately, with different arguments, in section 4.3.4.

Fix n € {1,2,3} and consider the associated natural transformation i, : F, — F,", where the
indices a,b € {0,1,2,3} are determined by n.

Notation 4.6. Let J denote the nerve of free-living isomorphism (i.e. the contractible groupoid on
2 objects), which is an interval object for Joyal’s model structure (see the book by Cisinski [Cis19]
and also [Cam21, Appendix A]). Given a simplicial set K, we introduce the pushout

Fh(K)=FHKxJ) 1T FHK)™.

Fof (K12
Note that i, (K) factors as a composite
FHE x J) 2% Fly, (K) £ Ff (K x 7). (48)

The following result is central in our approach.

Lemma 4.7. Let n € {1,2,3}. Suppose that for all simplicial sets K, the morphism
in(K): F(K) — F,}'(K) is marked anodyne and the induced morphism ky: F;:bJ(K) —
FF(K x J) from factorization (48) is a monomorphism which is bijective on 0-simplices. Then
the induced map

in(K)*: mo Map(K, Cp) — mo Map(K, C,)

s a bijection for all K.
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Proof. Using the left lifting property of marked anodyne morphisms against morphisms of the form
X% — x for X an co-category (lemma A.6), we obtain that the map

Homgsee+ (FyF(K), %) — Homgsep+ (Fy (K), 0%F)
is surjective. Hence so is its quotient
in(K)*: mo Map(K, Cy) — mo Map(K, C,).
We now prove that i, (K)* is also injective. Let o, o F;F (K) — 0% be such that i (o) ~ i%, (o)
in Map(K, C,). Using the standard categorical cylinder K I K — K x J — K of K, the latter

condition means that we can fill the following diagram of solid lines

in(@)

FH(K)

/

FHK x J) % 094, (49)

\

F(K)

in(a’)

so that @ respects conditions (%),,,. To show that a ~ o’ in Map(K, €,), we have to prove that
the corresponding diagram for FbJr , namely

F(K)

FHE x J) % 0%5, (50)

\

F)(K)

’
«

can be filled by a map a: F; (K) — O®# that satisfies conditions (x)y,. Now observe that
in(K x J) factors through the pushout F;fb’ 7(K). By hypothesis, i,(K) is marked anodyne,
whence so is j,. Using the right simplification property of marked anodyne morphisms (Proposition
A.7), we deduce that there exists a lift @ in the following diagram

Q

FFH K xJ) @

s

in| Fly 7 (K)

[

FrExJ)

(alle’ @)

O®, (51)

=

By lemma 4.4, any lift & as above will automatically satisfies conditions (*); . This shows that «
and o/ are equivalent as points in Map(K, C;), as desired.
O

We will prove that the maps ig, ¢; and i3 are marked anodyne and use the above lemma to
deduce that the oco-categories Ext(o), C1, €2 and C3 are equivalent. The remaining step will be
to deal with the map p, which is a marked equivalence but not a marked anodyne morphism, so
that we cannot use lemma 4.7; we will therefore rely on a different argument, involving a careful
analysis of categorical cylinders in G5 and BO,.
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4.3.2 Study of the map g

Lemma 4.8. For every simplicial set K, the morphism ko(K): FJ‘LJ(K) — F(K) is a
monomorphism which is bijective on 0-simplices.

Proof. Let K € sSet. Observe that ig(K): Fyf (K) — F;"(K) is a bijection on 0-simplices. Since K
is arbitrary, the map io(K x J) also has this property. Moreover, so does the map jo(K): Fyf (K x
J) — FJl,J(K)7 as it is obtained as a cobase change of ig(K)"2. By 2-out-of-3 property, we
deduce that ko(K) also has this property.

Let us show that ko(K) is a monomorphism. Suppose that ¢ and t' are two m-simplices of
F(f 1.7 (K) with the same image under ko(/). We separate three cases:

(1) either both ¢ and #' lift to simplices of " (K x J), or
(2) both lift to F;"(K)"2, or
(3) t lifts to a simplex in Fy (K x J) and t' to one in F;"(K)"2.

For the first case, note that jo(K x J) is defined as a pushout of a monomorphism, hence is a
monormophism, so that ¢ = t' as desired. For the second case, writing t and ¥ for choices of lifts
of t and ' in F;"(K)"2, we easily see that either £ and #’ belong to the same of the two copies of
FF(K), or they factor through (A<9)"2. Finally, in the third case, the simplices ¢ and ¢’ have to
factor through one of the two copies of Fy (K); since F," (K) — F; (K x J) is a monomorphism,
the simplices ¢ and ¢’ must coincide. O

Proposition 4.9. For every simplicial set K, the map io: Fy" (K) — F; (K) is marked anodyne.

Proof. Recall the marking on these simplicial sets: on F0+ (K) = K9 x Al, the marked edges are
those of the form I — 7, with y € K, whereas for Fj' (K) = Acoli% (A™ % A™), all edges T —
mo_y <

with z — y in K< are marked. The morphism i factors through the marked simplicial set FJ‘ (K)
obtained from Fj (K) by further marking the edges (z,1) — (y,1), for z — y in K. The resulting
inclusion Fy (K) — F, (K) is easily seen to be marked anodyne.

Let ig: Fy (K) — F;"(K) denote the map induced by ig. We will prove that it is marked
anodyne as well. By construction of iy as a colimit, it is enough to prove the claim for K = A™~1,
in which case the morphism i is the canonical inclusion A™ x A' — A™ % A™ where the non-
trivial marking occurs in the second copy of A™. Therefore, we are left with showing the following
combinatorial result. O

Lemma 4.10. For every m € N, consider the canonical inclusion ig: A™ x A1 — A™ x A™,
where both simplicial sets are endowed with the minimal marking that makes (A™)E x {1} a marked
simplicial subset of them. Then ig is marked anodyne.

Proof. Note that the inclusion 7o factors through the simplicial set
A™ = (A" x AY) U NG (52)
ALy Amm

AT

First, we want to show that the inclusion A”™ — A™ x A" is marked anodyne. To this purpose, we

consider the inclusion s,,: S, — A™xA™, where S,, denotes the spine Spo...mﬁ...m’ endowed with

the maximal marking that turns s,, into a morphism of marked simplicial sets. As s,, is clearly
marked anodyne and factors through A™, it will suffice to show that the inclusion S,, — A™ is
marked anodyne. The underlying simplicial set of A™ is a union of m + 2 simplices of dimension
(m+ 1), denoted 79, ..., Tm, T and defined as follows:

o for 0 < k < m, the simplex 73 is defined as A()l"'kE(ICJrl)“'m7

o the simplex 7 is Amﬁf..m.
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In each case, the marking is induced by that of A™. Writing T} for S,, UTU T, U---U Tk, we get
a filtration of A™ of the form

Sy C S UT C Ty, C Tpyeq C ... C Tp=A™ (53)

We will prove that at each step, the inclusion is a marked anodyne morphism. This is clear for
Sy C Sy UT. The second inclusion S, UT C Ty, is obtained as the pushout

(Sp*™") —— S UT

i _ l (54)

Tm ——— Iy

and is therefore marked anodyne, since so is the left vertical map. We now prove that the inclusion
Ty C Ti—1 is marked anodyne for every 0 < k < m. We introduce the marked simplicial set 7 (k)

(k—1k...m

defined as the face opposed to vertex k in 73, or more explicitly as A%~ , endowed with

the induced marking. The intersection 7], = T}, N 7x_1 can then be expressed as
7_]/C _ Tk<k> 7U (A(k_l) km)ﬂ (55)
(AF-.)

and the inclusion T} C Tj_; as the pushout

7—];—>Tk

l -] (56)

Tp—1 — Tgp1.

To see that T}, — Tj—_1 is marked anodyne, it therefore suffices to show that 7;, — 7,1 has this
property. Looking at equation (55), we observe that the latter inclusion is of the form (Iy C
I) (J() - J), with Iy = @, I= [ — 1] Jo = {k m} and J = Jy U {(/ﬂ — 1)} By lemma A].O,
we deduce that this map is marked anodyne, as de51red.

It remains to prove that the inclusion A™ x Al — A™ is marked anodyne. By equation (52),

it suffices to prove that the inclusion AT AMET . Am0-T g marked anodyne. Denoting
= AV Ami-T the latter map can be written as the composite

B,, C Bp—1 C ... C Byg.

Each inclusion B;;; C B; is induced by its restriction B;+; N Amz""? C B; N A M which is
marked anodyne by lemma A.9 applied with Iy =0, I = {m}, J = {i,...,m} and Jo = J \ {i }
therefore so is the map A™ x Al — A™. This completes the proof of lemma 4.10.

4.3.3 Study of the maps i; and io

Lemma 4.11. For K a simplicial set, the morphisms ki(K): Fyf (K) — FZLJ(K) and
ko(K): Fyf (K) — F;'3 7(K) are monomorphisms which are bijective on 0-simplices.

Proof. The argument is completely analogous to that of the proof of lemma 4.8. O

Lemma 4.12. For all simplicial set K, the maps iy: Fyf (K) — F;"(K) and iy: F3 (K) — Fy (K)
are marked anodyne.

Proof. We only give the proof for iy, the case of the map iy being very similar. Recall that iy is
defined by taking the colimit over all simplices A™ — K< of the morphisms iy ,,, : (A™)> — ;" (K),
sending A™ to the first copy of itself in (A™)*? C F,"(K) and > to 9. Note that we may restrict the
colimit to those simplices A™ that contains the cone point <, in which case the map i1, factors
through (A™)*?. Let A™ — K be such a simplex; it now suffices to show that the factored map
i1,m: (A™)” — (A™)*? is marked anodyne.
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For the rest of this proof, we relabel < as 0, so that we can identify 77, with the obvious
inclusion of (A™)> = A0--m0 into (A™)*2 = A0--m0--m  Now this map is the composite of the
sequence

AO...mﬁ c AOmOT c ... AOmOTE c ... AOmOTm

Since all edges of the form ¢ — P are marked, by lemma A.10 we deduce that each of these inclusions
is marked anodyne, whence the result. O

4.3.4 Study of the map p

This subsection is devoted to the last step of the comparison described in zigzag (46), namely we
prove the following result.

Proposition 4.13. The functor p*: C3 — BO, induced by the natural transformation p: G+ —
Fy is an equivalence.

We start with some preliminary results.
Lemma 4.14. The functors F3,G: sSet — sSet both preserve monomorphisms.

Proof. Since s, and (—)9 preserves monomorphisms, so does their composite F5. We now turn to
the case of G. Let p: A — B be a monomorphism of simplicial sets and n € N. Let ag and a;
be two n-simplices of GT(A) whose image under G* (i) coincide. We wish to prove that ag = a.
Since s.(A x Al) — GT(A) is an epimorphism, we may choose lifts @p and aj in (s«(A4 x Al)),, of
the two simplices. We distinguish several cases in the argument.

(1) If both ap and a; belong to the subset (s.A),, then their common image ¢(ag) = ¢(a1)
actually belongs to (s.{0}),, which is a subset of G*(A),, so that ag = a;.

(2) If none of @y and a; belongs to the subset (s.A4),, since s.(A x Al),, \ s.(A), = GT(B), is
an inclusion, we deduce that ag = a7, so that again ag = a;.

(3) Finally, the case where exactly one of ag and a; belong to s.(A),, is contradictory: indeed, by
construction of GT(A) the subset s.(A), and its complement in s, (A4 x Al),, remain disjoint
in the quotient G (A),, hence also in G*(B),.

O

Lemma 4.15. For every simplicial set K, the morphism p(K): G (K) — F; (K) is an equivalence
of marked simplicial sets.

Proof. Let U be the class of simplicial sets X for which p(X) is an equivalence. We will show that
U = sSet by proving that U contains every representable A™ and is stable under isomorphisms,
small coproducts, pushouts along monomorphisms and sequential colimits along monomorphisms.
In other words, we will show that U is saturated by monomorphisms in the sense of [Cis19, Definition
1.3.9] that contains all representables.

We first show that all standard simplices are in U. Let m € N and consider p(A™): GT(A™) —
F;F(A™). This morphism admits a section e, non-naturally in the variable [m] € A, whose under-
lying morphism of simplicial sets is defined as the composition

e: F3(A™) = 5, AWM =2 g A00OL0m = g (A™ s ALY 5 G(A™).

where the middle identification of (m+1)-dimensional simplices sends < to 00 and the vertex i to 07
(following the notations of sections 4.2.2 and 4.2.3). Let D; be the non-degenerate (m + 1)-simplex
of A™ x Al containing the edge i0 — i1, where we declare all edges contained in A™ x {0} to
be marked. Let D; ;41 denote the face of D; opposed to vertex 1. The morphism e then factors
through a filtration

FHA™) 2% GF 5 G — ... 28 G =G6h(Aa™),
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where G is the image of 5*(U§:o Dj) by the quotient map s.(A™ x Al) — G*T(A™), with the
induced marking. Since the edge {0 — (¢ + 1)0 is marked, the inclusion s.(D; ;j11) — s4(Diy1) is
marked anodyne, hence so is its pushout

+1

S*UD —>3*UD;

We thus obtain a diagram

5 {0} —— S AWOL0 g ()1 D

| I |

5. {0} +—— 5,A000L... SN0 g UZH D,

where each row defines a cofibrant diagram in the projective model structure on the category of
diagrams Fun(e < e — e,sSet™). Taking pushouts yields a weak equivalence e;: G; — Giy1.
This proves that e is a marked equivalence, hence A™ € U.

It is clear that ¢ is stable by isomorphisms. Consider a simplicial set of the form K = [[,.; K
with all the K; in U. As (—)9: sSet — sSet, and s, both preserve colimits, we can compute

(=) )
(1) )

~  colim (H 5. (K7 +— H si{<i} — s*{*}>

icJ ic€J

Fyf (K)

12

and

Il

GT(K) colim <H 5. (K x AY) «— Hs*(KZ x {0}) — s*{0}>

ieJ i€J

colim (]_[ GT(K:) «— [ s.{0} — s*{0}> .

ieJ i€J

Il

Since each map p(K;): GT(K;) — F; (K;) = s.(K{) is a marked equivalence and the diagrams
are cofibrant, we deduce that p(K) is also an equivalence. This proves that U is stable under small
colimits.

Suppose now that K is a pushout B[, C, with A, B and C' inf and A — B a monomorphism.
We will prove that K € U. As before, rewriting the colimits gives isomorphisms

Fi (K) B) [] Ff(c and  GY(K)=Gt(B) [] ¢F(C
Ff(A)

To prove that p(K) is a weak equivalence, it suffices to show that the pushout diagrams F; (B)
Fif(A) — F57(C) and GT(B) + G*(A) — GT(C) are cofibrant. This is a consequence of the
fact that F; and G both preserve monomorphisms; in the first case, this is clear whereas in the
latter, it is given by lemma 4.14. Finally, the proof that U is stable by sequential colimits along
monomorphisms comes from a similar argument, therefore we omit it. O

Recall from 4.6 the notation J for the standard interval object. We will use the fact that
Joyal’s model structure on sSet can be obtained a la Cisinski using J x (—) as an exact cylinder
[Cis19].
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Lemma 4.16. For every simplicial set K, the image of the categorical equivalence q: K X J — K
under the functors F;' and G is a marked equivalence.

Proof. Let Ur (respectively Ug) be the class of simplicial sets X such that F; (¢): F3 (X x J) —
Ff (X) (resp. G*(q): GH(X x J) — GT(X)) is a marked equivalence. We aim at proving
that Ur = Ug = sSet. Using arguments similar to those of the proof of lemma 4.15, one easily
shows that both Up and Ug are stable under isomorphisms, small coproducts, pushouts along a
monomorphism and sequential colimits along monomorphisms. It is thus enough to prove that Ug
and Ug contains every representable A™. The key point is the observation that both F5 and G
restricts to an endofunctor on the full subcategory of sSet given by the essential image of the nerve
functor from 1-categories. More precisely, we have

F3(A™ x J) 2 N (s4([m] x J)7)
and

GA™x J)=N s ((m]xIx[1])) [[  s{0}],
s« ([m]xJIx{0})
from which one readily verifies that I3 (q) and GT(g) are the image under the nerve functor of an
equivalence of 1-categories, hence are marked equivalence. O

We now turn to the proof of the last step in our comparison of BO, and Ext(c), namely the
proof that p*: C3 — BO is an equivalence of co-categories.

Proof of proposition 4.13. Let K be a simplicial set. Recall that BO, is defined by identifying, nat-
urally in K, the set Hom (K, BO,) with the subset Hom? (G (K), 0%4) of Homgge+ (G (K), 0%4)
of morphisms satisfying conditions (x)g . Similarly, Hom(K,C3) is identified with the set
Hom? (F3 (K), 0®+). Since p(K) preserves the conditions (x)g.., the map

p(K)*: Hom(Fy (K),0%%) — Hom(G*(K),0%F)

restricts to a map Hom” (F3 (K), 9®%) — Hom” (GT(K), O®F).

We will need to consider two quotients of these Hom sets, whose associated equivalence relations
we will denote ~ and . They correspond respectively to the homotopy relations in Fun(K, C3)
and Map’ (F5 (K), 0%1). We only describe those two relations in the case of Hom? (Fy (K), 0%),
the case of Hom?(G*(K), %) being similar.

o (Definition of ~). First, we consider the set of connected components my Map (K, C3), which
is defined as the quotient of Hom(F; (K), 9%f) by the homotopy equivalence relation ~ in
the functor oo-category Fun (K, C3).

o (Definition of =). Second, we consider the set of connected components
7o Map® (F3 (K), 021), that is the quotient of Hom(F5 (K), 9®%) by the homotopy equiva-
lence relation ~ in the functor oo-category Map’ (F5 (K), 0®:1).

Using the characterization of equivalences in functor co-categories of [Lur22, Theorem 01KA] (or
more precisely, a slight generalization of this result to marked simplicial sets), we can rephrase the
definitions of ~ and &~ more explicitly.

Let fo and f; be two maps Fy (K) — O®5.

Both of the following conditions are equivalent to asserting that fo ~ fi.

(i~) There exists a factorization of the fold map (idg,idg) as K [[K — K % K, with p a
categorical equivalence, and a lift in the diagram

F;(K)HQ (vale (2\®7h

(Fg(io)’F;r(il))l 7/
Ff(K)

such that f satisfies conditions (x)g -
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50,81) 5=

(ii~) For every factorization of the fold map (idg,idg) as K [[ K (50,54 K— K, where s¢ and
s1 are disjoint monomorphisms, there exists a lift in the diagram

F;(K)Hz (f07f12 (;)\@J

(B o). )|
Ff(K) -

\

-

such that f satisfies conditions (x),.

Both of the following conditions are equivalent to asserting that fo ~ fi.

(i~) There exists a factorization of the fold map (idF;(K), idF;(K)) as

Ff (K) [T EH (K) == Ff(K) = B (K),
Al

with p a cartesian equivalence (in the sense of [Lur09]) , and a lift in the diagram

(fo,f1
F (K) [ B () 2220 098,

A

7/
L J
,
p

-
-

Ff ()

\ =
\

(#in) For every factorization of the fold map (idF;(K), idF;(K)) as

Ff (K) [T FH(K) — Ff (K) 5 B (K),
Al

where ¢ is a monomorphism, there exists a lift in the diagram

(fo,f1
Fif () T Fif (K) 220 004,

7/
L e
,
.

-
-
-

|

Ff () e
Using these descriptions, one easily sees that p(K)* induces maps on the quotients by the equiva-
lence relations ~ and =, that we denote respectively
Do Hom”(F;'(K),O@)’h)/N — Hom”(G*(K),O&“)/N,
Ph~  Hom?(F (K),0%%),~ — Hom?(G*(K),0%%) ~.
By lemma 4.15, we know that p(K) is marked weak equivalence, so that
DL Hom(F;(K), O®’h)/z — Hom (G (K), O®’h)/z

is a bijection. It is an easy observation that a morphism f: F;(K) — O®! verifies the conditions
(%)3.0 if and only if f o p(K): GT(K) — O satisfies the corresponding condition (x)g .o
Therefore the induced map pj ., is a bijection. The fact that p; . is a bijection is now a
consequence of the following result.

Claim. The equivalence relations ~ and ~ coincide, both on Hom(F; (K),9®%) and on
Hom(G*(K), 0®H).

We prove the claim for the functor F3+ , the case of G being similar. Consider two morphisms
nyfl: F;_(K) — O®’“.
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Suppose fo ~ f1. By assumption (ii.), there exists a lift f in the diagram

F?)JF(K)HQ (fo,f1) ©O®:h

(F;(So);F;—(Sl))J( 7/
Fi (K xJ) "

and by lemma 4.16, the map F;" (K x J) — F; (K) is a marked equivalence, so that condition
(i~) is satisfied.

Suppose that fy ~ f1. We will show that condition (i..) holds. The factorization of (idk, idk)
through ¢: K x J — K induces a factorization

(i (0 iy o)) ¢ B () [ B (B)—Fif (K < 7) — Fi (K)
Al

where the first map is a monomorphism. We can thus apply assumption (7i~) to obtain a
lift f in the diagram

Fgr(K)LD M O®,h.

It now suffices to prove that f satisfies conditions ()3, which is a consequence of the fact
that fo and f; both do and (K x J)o = (K112),.

This shows the above claim and therefore completes our proof of proposition 4.13.
O

Proof of theorem 4.1. Combining lemma 4.7, proposition 4.9, lemma 4.12 and proposition 4.13, we
obtain that each map in the zigzag (46) is an equivalence, so that Ext(c) and BO, are equivalent
Kan complexes. O

5 Homotopy type of spaces of extensions

5.1 Statement of the results
5.1.1 Motivation

Let O%® be a unital oo-operad, that we now assume to be monochromatic and such that the
underlying oo-category is an oo-groupoid. Consider an operation o € O(n) of arity n.

In the previous section, we provided a zigzag of equivalences between two models for the space
of extensions of o: on the one hand, the fiber BO, of Mann—Robalo’s brane fibration 7: BO —
Tw(Env(0))® and on the other hand, Lurie’s space Ext(c). One problem remains: neither of
these two models is suitable for applications, since computing their homotopy type of spaces of
extensions is difficult even for simple examples of co-operads.

Luckily, there is a third possible model for the space of extensions of the operation o, namely
the homotopy fiber

O(n +1) o(in){a}

of the morphism i*: O(n + 1) — O(n) given by precomposition with a chosen atomic map i. We
call it Toén’s model for spaces of extensions.

In this section, we compare this new model to Lurie’s space Ext(c). We will show that, contrary
to what one might expect, the models are not equivalent in general, unless the space O(1) of unary
operations is contractible. More precisely, we will prove the following result.
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Theorem 5.1 (Theorem C). Let O% be a monochromatic unital co-operad whose underlying co-
category O is an oo-groupoid and o € O(n) an operation of arity n. Choose an atomic morphism
i: (n) = (n+1) in O®. Then there is a homotopy cartesian square

O(n+1) %){O’} — Ext(0)

o (57)
| |

« —— 5 BO(1),

well-defined in the homotopy category of spaces, which exhibits Ext(c) as a homotopy quotient of
h
O(n+1) x {o} by a O(1)-action.
0(n)

Remark 5.2. The restriction to the monochromatic situation is merely there to make the comparison
with Toén’s model more transparent and to slightly simplify the notations. The results of this
section readily generalize to the general case of (possibly coloured) unital oo-operads.

Notation 5.3. Throughout this section, when considering a monochromatic co-operad 0% with
unique color ¢, we shall use the slightly abusive notation of writing objects of O% in the form (n),
instead of say c®".

5.1.2 Difference with the existing literature

Theorem 5.1 contradicts the statement [Lurl?7, Remark 5.1.1.10], in the case of oc-operads with
non-contractible spaces of unary operations. This statement is a key result in Lurie’s proof of
coherence of the little disks co-operad E,,. Note that this statement is, however, only used for this
example of E,, which satisfies that E, (1) ~ * so that our theorem 5.1 actually implies that the
conclusion of Lurie’s statement is true, in this particular case.

We then provide through proposition 5.4 an explicit example of an co-operad for which this
statement is incorrect, without appealing to the above theorem 5.1.

Let us now explain Lurie’s statement. Let Oa be a unital fibrant simplicial operad, with
underlying co-operad O® = N®(0,). By unitality, the canonical inclusion i, : (m) — (m + 1) in
I, lifts uniquely to a morphism 4 in the simplicial category O%, which induces a map of simplicial
sets

i Mapist ((m + 1), (n)) — Mapist ((m), (n)).
Given an active morphism f: (m) — (n) in 0%, Lurie defines in [Lurl7, Notation 5.1.1.8.] the
space of strict extensions of f, denoted Exta (f), as the fiber of ¢* at f. Now consider an n-simplex
o of O® corresponding to a sequence of n composable active morphisms

(mo) 5 (my) L5 . L% (my,)
in 0. In [Lurl7, Construction 5.1.1.9.], a comparison map 6: Exta(f,) — Ext(c) is defined.
Then [Lurl7, Remark 5.1.1.10] asserts that § can be identified with the canonical map fiby, (i*) —
hofiby, (¢*). In particular, Ext(o) is supposed to be equivalent to the fiber of i* at f,,. However, as
a consequence of theorem 5.1, this equivalence can only hold when the group of unary operations
O(1) is trivial.

For a direct counterexample to [Lurl7, Remark 5.1.1.10] for O(1) # =, consider the operad
Oa = Asslnv encoding associative algebras together with an involution. It is the monochromatic
operad in sets freely generated by two operations u € Oa(2) and 7 € Oa (1) satisfying the relations
72 = id and 7 o p(a,b) = p(rb,Ta); it can also be described as a semi-direct product Ass x Xa.
Its homotopy coherent nerve O% = N(O%) is a unital monochromatic discrete oo-operad, in which
morphisms from (m) to (n) are given by a map a: (m) — (n) in F,, a linear order on each
preimage a~!{i} and a choice of sign e: (m) — {+, —}. The previous morphism will be denoted
more compactly

(Rith ki) R e L
ie({n)°

Composition is defined so that negative signs reverse the linear order.
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Proposition 5.4. For O® = N(AssInv)® the oco-operad of associative algebras with involution and
o the identity operation on the unique color (1), the spaces of extensions Ext(c) and that of strict
extensions Exta (o) are not homotopy equivalent.

Proof. On the one hand, since Oa is a discrete simplicial operad, the homotopy fiber

h
Oa(2) x {o} coincide with the actual fiber Exta(c), which is the 4-elements set
0a(1)
{n(a,b), p(a, 70), u(b, a), p(7b, a)}.
On the other hand, we claim that the set of connected components 7y Ext(o) consists of only two
elements. To prove this, recall the description of k-simplices of Ext(o) given in (2). In particular,
the objects of Ext(c) are given by commutative squares

(1) <=4, 1)
i 0|~ (58)
(2) —— (1).

with ¢ atomic, « active and ¢ an equivalence. The morphisms in Ext(o) are given by diagrams

(1) <=4 (1)
i[ so}

d@ =) o) (59)
-
(2) (1)

with active morphisms and with f compatible with extensions. Consider two objects x = (7, ¢, @)
and ' = (V',¢',a’). There exists a unique morphism ¢ such that ¥y = @', whereas there are
always two distinct morphisms f that are compatible with extensions and satisfy fi = 4’. For this
data (f,%) to define a morphism in Ext(c), we further need equation o’ f = 1« to be satisfied.
But since there are 4 active morphisms (2) — (1) (namely 1t2%, 1727 2%1% and 2717), only
half of the pairs (z,2") are in the same connected component; this concludes the computation.

’
a

—

O

5.2 Auxiliary models for Ext(0) and the homotopy fiber of O(n+1) — O(n)

The first step is to represent the map i*: O(n + 1) — O(n), which is only well-defined in the
homotopy category of spaces, by a zigzag of spaces

O(n+1) «— O(n+1) — O(n).

h
This will give a strict model of the homotopy fiber O(n+1) x {o}.
0(n)

Consider the subsimplicial set

Aj=A"TA™

of A2. Using that A? can be written as the pushout A? = AZ [] A'2, we obtain that the mapping
BAIQ
space O(n + 1) is isomorphic to the fiber

O(+1) = Rn(@%0%) k(e 1.00)

act

~  Fun(A?,0%,) X {6, (1)}
Fun(Ag,Ogt)

Similarly, writing A2 as A3 J] A%, we can identify O(n) as the fiber
aAOZ
O(n) =2 Fun(A3, 05) — x  {(E (1)}

act
Fun(Ag,O®

act
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Now let O(/n_\+/1) denote the fiber of the restriction
FHH(AQ O?ct) — FUH(AQ, act)

at (i, (1)). Since A3 — A? factors through both A2 and A3, we obtain a commutative diagram

On+1) «— O(n+1) ——— O(n)

l(i,id) - l 4 l(l id) (60)

Fun (A2, act) «—— Fun(A?2, 0% ) —> Fun(A2 Oﬁt)

act

Lemma 5.5. The above diagram yields equivalences of fibers

O(n+1) ox {o} ~ (n +1) x {o} = Fun(A?, O?Ct) X {(i,0)}.
(n) O(n) Fun(AZ,09

act)

Proof. In diagram (60), observe that the top row is obtained as the fiber of the bottom row at the

point (i, (1)) of Fun(A2,0%,). Therefore both squares in the diagram are cartesian. In particular,

since the bottom right morphism is a Kan fibration, so is O(n + 1) — O(n). Similarly, since the

bottom left morphism is a trivial Kan fibration, so is O(n 4+ 1) — O(n + 1). This gives the first
homotopy equivalence of the lemma. The second equivalence, which is an isomorphism of simplicial
sets, is obtained by taking the fiber of the right cartesian square at the object o € O(n), whose
image in Fun(A2,0%,) is (i,0). O

We now replace Ext(c) with a more convenient model, that we shall denote Ext™ (o), defined
as a certain subcategory of the functor oco-category Fun(A1 x A',02.) of commutative squares of
active maps in O®. The squares will be indexed as follows:

00 —— 01

]

10 —— 11.

We will require that the left vertical map is atomic, the right vertical one is an equivalence and
the top one is precisely the fixed morphism o. In order to define ExtD(a), the following notations
will be convenient.

Notation 5.6. Let Atome denote the non-full subcategory of Fun(Al, 02.) whose objects are
atomic morphisms (see definition 2.4). Let Atomg(n) be the full subcategory of Atomo whose

objects are maps with codomain (n).
Notation 5.7. The marked simplicial set obtained from the square A x A! by further marking the
edge A! x {1} will be denoted [J.

Definition 5.8 (Definition of Ext™(c)). Define the simplicial set Ext"(c) as the iterated fiber
product

. ' Atomg Map (=] (Oit
Ext~ (o) = lim j / \ l
Fun(A! x {0},02,) Fun({0} x A, O%.,)

where the two diagonal morphisms are the obvious restriction maps.
In other words, Ext” (o) is the subcategory of Fun(A® x A, 02, ) whose

e objects are commutative diagrams

(n) —— (1)

- |

n+1) — (1)

in which the left vertical map is atomic and the right vertical map is an equivalence,
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o morphisms are compatible with extensions, i.e. preserve the new color (n + 1) \ Im({n)).
It is easy to see that EXtD(J) is an oco-category.

Lemma 5.9. The space Ext(c) is equivalent to Ext" (o).

Proof. By inspection of definition 2.6, one easily verifies that all diagrams involved in the defi-
nition contains only active maps. Therefore diagrams to Ext(o) factor through the subcategory
Fun(A!, 0%,),, of Fun(A',0%),,. Now recall the canonical equivalence of co-categories

v: Fun(A', 09

act

)o/ o Fun(Ala o?ct)g/
from the slice to the alternative slice, the latter being defined as the fiber at o of the restriction
map

Fun(A' x AY,02,) — Fun({0} x A',02,).

act act

The restriction of 7 to Ext(c) factors through the obvious inclusion ExtZ(c) — Fun(A®, 0,)7/.
Moreover, by inspection of the objects of these two oo-categories, one sees that this functor
Yext(oy: Ext(o) — ExtD(a) is essentially surjective. To prove the lemma, it therefore suffices
to show fully faithfullness of 7|gx(r). Given two extensions X, X’ € Ext(c), consider the commu-

tative diagram

MapExt(a) (Xv X/) — MapFun(Al,Oft)g/ (Xa X/)

c

V‘Ext(a)l zJ{v

MapExtD(g) (v(X)v(X')) — Mappun(Al,o?;t)o/ (v(X), v(X7)).

As ~y is an equivalence of co-categories, the right vertical map is a homotopy equivalence. Observe
that, given two equivalent morphisms fy ~ f1: X — X’ in Fun(A', 0%,), /> fo is compatible
with extensions if and only if f; has this property, and similarly for morphisms v(X) — v(X").
Consequently, the horizontal maps in the above diagram are both inclusions of the connected com-
ponents determined by the condition of preservation of the new color in the extensions. Therefore
the restriction 7|gxe(») is @ homotopy equivalence, as desired. O

h
To compare Ext™ (o) with O(n+1) x {o}, we first give an alternative description of the former
O(n)

oo-groupoid. By definition of Atome(n), we have a commutative diagram

Atomg(n) {o}
. .
l
Ty Fun(A2,08,) ———— Fun({0} x A}, 02,) (61)

J
Atomy ——— Fun(A! ><l{0}7 0%,) — Fun({0} Xl{()}, 0%2,)
in which both squares are cartesian, using the identification
A2 =A"UAZ 2 A x {0} Uu{0} x AL, (62)
and the map j is induced by the universal property of pullbacks.

Lemma 5.10. There is a canonical isomorphism

ExtZ(0) @ Map® (0, (02,)%)  x  Atomg(n). (63)
Fun(A(ZJ,O®

act
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Proof. Consider the following commutative diagram, extending diagram (61):

Ext™ (o) Map’(3,02,) x {0}

\ (02,)torxal
Atomg(n) ‘ (O®,¢,)A1X{O} X {o} {o}

ac 05,
.l
-
Atomo (02 )ilxh)) Map’(0, 02%,) Map’ (0, 0%,

Atomo x (05,)02 (02,)% — (0%,) 10 <"

Oget \ E

J

Atomg (Oﬁt)ﬁ‘ {0} (o?}&((‘}xm}‘

In the above, certain squares are cartesian by construction, namely:

o all the squares whose arrows are either vertical or horizontal

o the two squares that contains Mapb(D, 0%,) and either {o} or Atomg.

act

Using the usual transitivity rule for pullback squares, one deduce that any square in the top left
cube is cartesian, from which the desired isomorphism follows. O

5.3 Proof of theorem 5.1

There are two differences between the homotopy fiber of O(n + 1) — O(n) at o, modelled as
fib; oy (Fun(A2,02,) — Fun(AZ, 02,), and Ext™(0):

act act

®

aet, Whereas

(1) objects of hofib,(O(n + 1) — O(n)) are given by commutative triangles in O
objects of Ext™(¢) are commutative squares,

(2) in hofib,(O(n + 1) — O(n)), the map (n) — (n + 1) is the fixed morphism ¢ whereas in
Ext"(0), any atomic map is allowed.

As we will see, the first difference does not affect the homotopy type of the spaces, but the
second difference explains the origin of the quotient by the action of O(1). To make this remark
precise, we will introduce variants of Ext” (o) that differ according to the previous two parameters.

Consider the morphism r: A! x A! — A? induced from the map of posets [1] x [1] — [2] given
by
r(0,0) =0, r(0,1)=1, =(1,0)=1, r(1,1)=2.
It induces a morphism of marked simplicial sets 0 — (A2)", which yields a restriction map

r*: Fun(A2,08,) — Map’ (0, 02, ). Moreover, r extends the identification (62) to a commutative
square

{0} x ALUA! x {0} —— A2

[ |

Al x Al — T 5 A2
Definition 5.11. Let ExtA(a) and Ext” (0,1) be the oco-categories fitting in the following diagram
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of cartesian squares

h
O(n+1) x {0} —— Ext®(0) —— Fun(A2,0%,)
o(n)

_I
L] Jr*
(64)
Ext"(0,i) —— BExt®(¢) —— Map® (3, 0%,)
l _ J{ | l
* —— 5 Atome(n) SN Fun(A2,02,).

[

h
The fact that O(n + 1) x {0} and Ext(o) fit in the above diagram is a reformulation of
O(n)
lemmas 5.5 and 5.10.

Lemma 5.12. In the top left square of diagram (64)

O(n+1) (Q (0} —— Ext®(0)

0(n)
N (65)
| J

Ext"(0,i) —— Ext(0),

the vertical maps are equivalences.

Proof. A simple computation shows that r is an equivalence of marked simplicial sets (0 = (Al x
Al Al x {1}) — (A2)’. Therefore * is an equivalence of co-categories. Since Map’(0J,02,)
and Fun(A?,0%,) are fibrant over Fun(A2,0%,), taking pullback along the morphisms j and

o: % — Fun(A2,0%,) gives the desired equivalences. O

Lemma 5.13. Let O% be a monochromatic unital oo-operad. Then the oco-category Atomg(n) is
equivalent to the underlying oo-category © of O%.

Corollary 5.14. Let OF be as above and assume moreover that its underlying oo-category O is
an co-groupoid. Then the co-category Atome(n) is equivalent to the classifying space BO(1) of the
group of automorphisms of (1) in O.

Proof of lemma 5.15. First, fix an atomic morphism a: (n) — (n + 1) in F, and consider the
subcategory Atomg (n) of morphisms lying over «. By definition, we have a cartesian square

Atomg(n) —— Atome(n)
|- |
{a} ——— Atomy, (n).
Observe that the oco-category Atomp, (n) is the nerve of a l-category in which any two objects
j:{n) = S and j': (n) — S’ are related by a unique morphism S — S’ (namely the unique
bijection that restricts to j” o (j|™))~1 on the image of j). As a consequence, this (co-)category
is terminal and we obtain a canonical equivalence of co-categories Atomg (n) ~ Atome(n).

Now we may decompose the atomic morphisms of Atomg(n) according to their arity using
lemma 3.9. The result is an equivalence of co-categories

Atomf (n) ~ (041/)" x O0),
where the co-category O, is a notation for the comma category

((0) € 0%) | (0% 5 0).
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Since O is assumed to be an co-groupoid, so is its slice Oy /; the latter has an initial object, it is
therefore contractible. We now turn to analysing the comma category Oy ,. By definition, it fits
in a commutative diagram of cartesian squares

O<O>/ e (O®)<0>/ —_— Fun(Al,(‘)@)

| |- [

{(0)} x 0 —— {(0)} x OF —— O x O,

Since the middle vertical map is a cocartesian fibration, so is the left vertical map. The fiber of
this morphism at at object X € O is Mapye ({0), X ), which is contractible by the assumption that
O® is unital. Therefore this cocartesian fibration is a trivial fibration Oy, = 0, which completes
the proof. O

Proof of Theorem 5.1. The homotopy cartesian square (57) is obtained as the top left square in
diagram (64), using the equivalences Ext®(c) ~ ExtZ (o) ~ Ext(c) of lemmas 5.12 and 5.9 and
the equivalence Atomg (n) ~ BO(1) of corollary 5.14. O

6 Applications

As mentioned in the introduction, an important motivation for studying the brane action comes
from string topology, as the Es-algebra structure on free loop spaces arises from span diagrams
given the brane action for the co-operad E5. More precisely, our work was motivated by the desire
to use the formalism of brane actions to generalize string topology in the following two directions.

« On the one hand, we may consider analogs of free loop spaces Map(S™~!, X) based on higher
dimensional spheres: this is the study of brane topology. Recall that the typical structure we
expect in this setting is that of an Eff-algebra. Therefore, we would like to enhance the known
[, -structure of brane topology to take into account the action of groups of homeomorphisms
of disks. The oo-operads governing such structures are variants ES of the little disks oo-
operad E,,, that are given by semi-direct product of E,, with a topological group G endowed
with a morphism to the co-group Top(n) of self-homeomorphisms of R™.

¢ On the other hand, we want to obtain brane topology structures not just for the topological
manifolds, but also for other geometric contexts, most notably for derived algebraic stacks.
Note that this idea appears already in Toén’s original work [Toé13], where a sketch of proof of
a higher formality theorem is given, that applies to quotients stacks of the form [Y/G] for G
a smooth linear algebraic group over a field of characteristic zero acting on a quasiprojective
derived scheme Y of finite presentation.

The rest of this section is devoted to the study of B-framed little disks Ep, a family of co-
operads that generalize the co-operads ES introduced above, a proof of their coherence and, as a
consequence, a construction of new operations on spaces of branes of perfect derived stacks.

6.1 Coherence of the co-operad of little B-framed disks

In this section, we define the co-operad of B-framed little disks and prove that it is coherent. This
oo-operad depends on the datum of a Kan fibration B — BTop(n) and recovers the variants ES
of the little disks co-operad mentionned above when B is the classifying space of a subgroup G of

Top(n).

We recall the definition of co-operad E$ introduced in [Lurl7, Section 5.4.2], following the
presentation and the notations thereof.

Notation 6.1. Given two topological spaces X and Y, we let Emb(X,Y) denote the topological
space of open embeddings X — Y, topologized as a subspace of the compact-open topology on the
set Homrop(X,Y). For n € N, we let Top(n) denote the topological space of homeomorphisms of
R™, viewed as a subspace of Emb(R" R™).
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Remark 6.2. The Kister-Mazur theorem implies that the inclusion Top(n) — Emb(R™,R™) is a
homotopy equivalence, for all n > 0 (see [Lurl7, Theorem 5.4.1.5]).

From now on, we fix a natural number n.

Definition 6.3 ([Lurl7, Definition 5.4.2.1]). Let 'Egr

objects are the finite pointed sets (m) € F, and where mapping spaces are given by the formula

denote the topological category whose

Map.ge  ((m), (k) = I1 []Emb(®" x a7 {i},R). (66)

BTop(n)
o a€Home, ((m),(k)) =1

Let BTop(n)® denote its homotopy coherent nerve, i.e. the co-category N (tEgTop(n)). By [Lurl?7,
Proposition 2.1.1.27], BTop(n)® forms an co-operad. We will denote by BTop(n) its underlying

oo-category, which by remark 6.2 is a classifying space for the topological group Top(n).

Let us fix a Kan complex B together with a Kan fibration B — BTop(n).

Notation 6.4. Recall that given an co-category €, one can construct a cocartesian oo-operad CU
whose spaces of multimorphisms are given by the formula Muleu (c1, . . ., ¢m; ¢) = [[in; Mape (¢, ¢)
(see [Lurl?7, Section 2.4.3]).

Definition 6.5 ([Lurl7, Definition 5.4.2.10]). We let E5 denote the oo-operad

Q@ _ ® I
Ej = BTop(n) BTO;<(n)H B (67)

and refer to it as the oo-operad of B-framed little disks.

Note that the underlying oo-category of E% is canonically equivalent to the Kan complex B.
In particular, one may identify the objects of IE% with those of B.

Remark 6.6 (Examples). o For B a contractible Kan complex with a Kan fibration to BTop(n),
the associated oo-operad E% reduces to the ordinary oco-operad E? of little disks of dimension
n.

o Consider a topological group together with a map to Top(n). The induced morphism on
classifying space can be represented up to equivalence by a Kan fibration B := BG —
BTop(n). Then the oo-operad of B-framed little disks ES is equivalent to a semi-direct
E® x G (in the sense of [SW03]). As a particular case, for G = SO(n) we obtain the framed
little disks oo-operad Eff.

o Let M be a topological manifold of dimension n. Following [Lurl?, Definition 5.4.5.1.], let
Cys denote the topological category with two objects M and R™, whose mapping spaces are

Mapeg,, (R",R") = Emb(R",R") Mape,, (R, M) = Emb(R", M)
Mape,, (M,R") = 0 Mape,, (M, M) = {id}.

Define By as the Kan complex BTop(n) Xa(e,,) N(Car) /s and let ES; denote the oo-operad

IE% . It is a variant on the oc-operad E® in which colors are open embedding U: R"™ — M
of disks of dimension n into M and operations of arity k are diagrams of embeddings

Hle R* ——— R"

HXM%

together with an isotopy making the triangle commute. Note that [E);-algebras can be iden-
tified as locally constant factorization algebras on M, by theorem [Lurl7, Theorem 5.4.5.9.].

The oo-operad of little disks operad E,, is coherent, for all n € N by [Lurl7, Theorem 5.1.1.1].
We generalize this result to the B-framed situation.
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Theorem 6.7. The co-operad of B-framed little disks E% is coherent.
The proof relies on theorem 5.1 together with the following computation.

Lemma 6.8. Let o: (by,...,by) — b be an active morphism in ES, with by, ..., by, b in B and
choose an additional color by, 11 in B. Then Toén’s model for the space of extensions of o in E%
s given by

h QB men=l if by ~bin B
b){a}ﬁ{ yBx V" S if bt m o, (68)

Mul]EB(bl,...,bm+1;b) X .
ulg g (b1,-5bm; 0 otherwise.

Proof. By construction, the left hand side of equation (68) is equivalent to the homotopy fiber at
o of the map

Emb(R" x (m 4 1)°,R") X 175 Map (bi, b)
Emb(R" ,R7)m+1

l (69)

Emb(R™ x (m)°, R") X [T%, Map (b, b).
Emb(R",R7)™

Commuting the fiber product with the homotopy fiber, we obtain the space

h
<Emb(R” x (m+1)°,R™) X {O’}) X Map g (b1, b) (70)
Emb(R" x (m)°,R") Emb(R",R")

Since B is a Kan complex, the factor Mapg (b, 41,b) is empty when b,,11 and b are in different
connected components, and is equivalent to the based loop space €, B otherwise. On the other
hand, for any finite set S, the obvious map from the space Emb(R"™ x S;R™) to the product
Emb(R™, R")® x Conf(S,R") is an equivalence (see [Lurl7, Proof of Proposition 5.4.2.8.]). As a
consequence, we obtain an equivalence

h
Emb(R" x (m + 1)°,R") X {o} ~ Emb(R",R") x Conf(S,R"). (71)
Emb(R™ X (m)°,R™)

Substituting this equivalence in (71) and using that Conf(S,R") ~ \/™ S"~! we obtain the result.

O
Lemma 6.9. Let o: (by,...,by) — b be an active morphism in ES, with by, ..., by, b in B. Then
the space of extensions of o in E% is equivalent to \/™ S"~1.
Proof. By theorem 5.1, any choice of a color b,,+1 yields a homotopy cartesian square
h
Mulg, (b1, - .-, bmt1;b) X {o} —— Ext(0)
Mul]EB (bl,...,bm;b)
L J -
{berl} Ba

Upon taking base change of Ext(c) — B along the inclusion By — B of the connected component
of b and using proposition A.23, square (72) endows the space of strict extensions (at the top left
corner of equation (72)) with an Q B-principal co-bundle structure over Ext(o).

If b, 41 does not belong to the connected component of b in B, then the corresponding fiber of
Ext(o)p) over By is empty. In particular, the structural map Ext(o) — B factors through Bp,).
Now choose a point b,,+1 € Bj). Through the identification given by lemma 6.8, the €, B-action
on the space of strict extensions is the regular action on the first factor of Q, B x \/™ S"~L. Taking
the quotient by this action, we see that the space Ext(c) is equivalent to \/™ S"~1. O
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Proof of theorem 6.7. First, it is clear that the oo-operad E% is unital. Moreover, its underlying
oo-category B is a Kan complex by assumption. It remains to prove condition (c¢) of definition 2.9.
By lemma 6.9, for a sequence of composable active morphisms X %Y 5 Z in E%, with X, Y and
Z of arity respectively m, k and 1, diagram (5) is equivalent in the homotopy category of spaces
to a commutative square of the form

|
| | (73)

k m
H v Snfl \/ Snfl
i=1p(e)~{i}

which is easily seen to be homotopy cocartesian (as in the case of the little disks co-operad E,,).
This concludes the proof. O

6.2 Operations on spaces of branes

As we just established, the oco-operad E% is coherent (theorem 6.7); therefore, it admits a brane
action by theorem A. This yields the following result.

Corollary 6.10. Using the same notations as above, there is a canonical morphism of oco-
operads IE% — Cospan(8)!, sending a color b to the space Ext(idy) ~ S™~! and an operation
o: (b1,...,bm) = b to a cospan diagram

Ext(idy)t™ —— Ext(o) «—— Ext(idy) (74)

in which the middle space Ext(c) is equivalent to a wedge of m spheres S™1.

The previous result can be applied to multiple geometric contexts to produce operations on
spaces of branes, following [Toé13, MR18]. Let X be an oo-topos. There is a canonical functor
(—)est: 8 = X that sends every space Z to the object Z.g obtained as the colimit of the constant
diagram with shape Z and value the terminal object *. In other words, Z. is the locally constant
stack with value Z, or equivalently the Betti shape of Z in X. Through this functor, we obtain from
the Ep-algebra structure of Corollary 6.10 a corresponding algebra in the co-category Cospan(X).

Given any object X € X, we may now use internal Hom objects in X and apply the functor
Map(—, X): X°? — X to Ext(c)cst. This way, one obtains an Eg-algebra structure in Span(X)
on the object Map((S™ 1)cst, X), called the space of Eg-branes of X by Toén. To summarize, we
have the following result.

Corollary 6.11. For any object X in X, the space Map((S™ 1)cst, X) of Eg-branes internal to X
has a canonical Epg-algebra structure in Span(X), with structural morphism sending an operation
o of arity m to the span

Map((S™ 1) est, X)™ —— Map(Ext(0)cst, X) — Map((S™ 1) est, X). (75)

Remark 6.12. The advantage of the above construction is its generality: one might say that the
[E g-algebra structure on Map((S™ 1), X) in Span(X) is motivic, in the sense that it exists before
taking any sort of linear invariant (chains, cohomology, quasi-coherent shaves, K-theory, etc.).
This is similar to the case of Gromov-Witten invariants [MR18], where the authors use the brane
action to construct Gromov—Witten invariants at a purely geometric level and are then able to
apply K-theory or ordinary cohomology functors to recover the enumerative invariants in their
more classical form.

In particular, specializing to the case B = BSO(n), the co-operad E% recovers that of framed
little disks EfF, so that the above corollary gives the following result.

Corollary 6.13. Let X be a homotopy type. Then the brane space Map(S™~1, X) carries an
Eff-algebra structure in Span(§).
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To recover classical string and brane topology operations, one would need to pass from the
previous Eff—algebra structure in spans to a corresponding structure in chain complexes by taking
singular chains on the spaces. The rest of this section is devoted to this linearization process.

6.2.1 Inverting spans

In many applications, it is useful to "invert" the wrong-way morphisms appearing in the spans to
obtain an algebra structure in a more tractable co-category, such as that of chain complexes or of
spectra. To make this construction more precise, we rely on the universal property of the category
of spans, as established by Stefanich in [Ste20] (see also [GR17] for an earlier description of this
universal property).

Given an oo-category € with pullbacks, we first need to consider an (oo,2)-enhancement
Span,(€) of the oo-category Span(C) of spans in € (see [Haul8] or [Ste20] for a precise construction).
Next, we define the Beck—Chevalley condition.

Definition 6.14 (Adjointable squares, [Ste20, Definition 3.4.1]). Let D be an (oo, 2)-category. A
commutative square

[0

d -4

lﬁ’ lﬁ (76)

e ——e
in D is called vertically right adjointable if B and B’ admit right adjoints 3% and 5’ and moreover
the canonical 2-morphism
o B — pRa (77)

constructed using the unit idy — $%3 and the counit 83" — id,/, is an isomorphism.

The square is said to be horizontally right adjointable if its transpose is vertically right ad-
jointable. If it is both vertically and horizontally right adjointable, we simply say that the square
is right adjointable.

Definition 6.15 (Beck—Chevalley condition, [Ste20, Definition 3.4.5]). Let € be an oco-category
with pullbacks and D be an (0o, 2)-category. A functor F': € — D is said to satisfy the left Beck—

Chevalley condition if for every cospan  — s < y in G, the induced commutative square in
D
Fz xsy) — F(y)

|

is right adjointable.
Using these definitions, one can characterize the 2-functors out of (0o, 2)-categories of spans.

Theorem 6.16 (2-categorical universal property of spans, [Ste20, Theorem 3.4.18]). Let C be an
oo-category with pullbacks and D be an (0o, 2)-category. Precomposition with the canonical functor
€ — Span,(C) identifies the space of 2-functors Spany(C) — D with the subspace of Mapc,, (€, D)
consisting of those functors € — D that satisfy the left Beck—Chevalley condition.

Remark 6.17. Given a functor F': € — D satisfying the left Beck—Chevalley condition, the associ-

ated 2-functor Span,(C) — D sends a span x Lss y to the morphism ffog: F(x) — F(y).

We briefly discuss two geometric contexts in which to apply the above results: the case of
derived stacks X = d8t, and that of spaces X = 8.

6.2.2 Algebro-geometric context

Let k be a field of characteristic 0 and d8t; the oo-category of derived étale stacks over k.

To invert the correspondences of derived stacks that arise from the brane action, we need to
restrict our attention to a particularly well-behaved class of spaces, namely that of perfect stacks
introduced by Ben-Zvi-Francis-Nadler in [BZFN10].
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Definition 6.18 (Perfect stacks, [BZFN10]). A derived stack X is said to be perfect if its diag-
onal morphism is affine and if QCoh(X) is the ind-completion of its full subcategory of perfect
complexes. We let P denote the full subcategory of dStj on perfect stacks.

Ezample 6.19. The class of perfect stacks contain many examples of interest. For instance, every
quotient Y/G of a quasi-projective derived scheme Y by a linear action of an affine group G is
perfect. Perfect stacks are moreover stable under fiber products and if X € P, so is Map((K)cst, X)
for every finite simplicial set K.

Consider the (oo, 2)-category dgCaty of (possibly large) k-linear presentable dg-categories, with
functors preserving small colimits as morphisms. Let QCoh: dSt; — dg@atk denote the functor
that assigns to every derived stack its derived co-category of quasi-coherent sheaves.

By [BZFN10, Proposition 3.10], the restriction of QCoh to P satisfies the left Beck—Chevalley
property and therefore extends to a 2-functor

QCoh: Span,(P) — dgCaty,

using Theorem 6.16. Moreover, we can upgrade this 2-functor QCoh to a symmetric monoidal one,
using [Ste20, Corollary 1.2.2]. Together with Corollary 6.11, this shows the following result.

Corollary 6.20. Let X be a perfect stack. Then the co-category of quasicoherent sheaves on its
space of branes Map((S™1)est, X) carries a canonical Eg-algebra structure in dg(‘fatI,;,

This results extends results of Toén [Toél3, Corollary 5.1] and of Ben-Zvi-Francis—Nadler
[BZFN10], which correspond to the particular case of the E,-operad (that is Ep for B ~ ).

6.2.3 Topological context

We want to adapt the above construction to the case of topological spaces, in order to recover
the classical string topology operations, and more generally to obtain the conjectural Eff-algebra
structure on chains on spaces of branes.

However, one immediately runs into the problem of defining functorial umkehr (or Gysin) maps
at the chain level. In particular, this requires to handle all the coherence data needed to produce
a functor from a suitable subcategory P of § to that of chain complexes (or suitable variants of
such). One difficulty is that the subcategory P would have to contain the free loop spaces LX,
which are infinite-dimensional manifolds, and the sought functor to chain complexes would have to
specialize to the classical Thom—Pontryagin construction of umkehr maps upon taking homology.
It seems that no such construction has appeared in literature yet. The author plans to come back
to this problem in a future work.

A Appendix

The appendix is divided into two parts. In the first, we give definitions and results on marked
simplicial sets that are used in this paper. In the second part, we gather some standard facts on
group actions in the higher categorical setting, with no claim to originality.

A.1 Some results on marked simplicial sets

In this section, we collect various facts about marked simplicial sets that are used in the proof of
theorem B. These results are standard and well-known to specialists, with perhaps the exception
of proposition A.7, stating that anodyne morphisms satisfy a weak form of the right simplifica-
tion property, which seems to have not appeared in the literature. This last result might be of
independent interest.

A.1.1 Some properties of marked simplicial sets

Definition A.1. A marked simplicial set is a pair (X,mX) where X is a simplicial set and
mX is a subset of X; that contains all degenerate edges. A morphism of marked simplicial sets
(X,mX) — (Y,mY) is a morphism of simplicial sets f: X — Y such that f(mX) C mY.

The category of marked simplicial sets is denoted sSet™.
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Notation A.2. Given a simplicial set X, one can associated three marked simplicial sets:
e the minimal marking X”, consisting only of degenerate edges,
« the cartesian marking X% in which an edge is marked if and only if it is an equivalence,
« the maximal marking X*, containing all edges.

Given an edge e in a marked simplicial set Y, we let Y'[e] denote the marked simplicial set obtained
by further marking e. In other words, Ye| is the initial marked simplicial set whose underlying
simplicial set is Y and such that both canonical maps Y — Y[e] and e: Al¥ — Y[e] are morphisms
of marked simplicial sets.

Given a category C and a class S of morphisms in C, we say that S is weakly saturated if it con-
tains all isomorphisms and is closed under cobase change, transfinite composition, coproducts and
retracts. The smallest weakly saturated class containing S is denoted S and called the saturation
of S.

We introduce several classes of morphisms in sSet and sSet™:
o the class Cell = {0A™ C A™ | n € N},

o the class InnHorn = {A} C A" | 0<k <n,n>2},

« the class Cell’” = {AZ’b CA™ | 0<k<n,n>1},

« the class InnHorn” = {AZ’b CA™ | 0<k<n,n>2},

« the class LHorn* = InnHorn® U {Ag’b[O — 1] C A0 — 1] | n € N*},

o the class RHorn* = InnHorn” U {A7"[n —1 — n] € A™[n —1 = n] | n e N*}.

The saturations Cell and InnHorn are respectively the class of monomorphisms and that of inner
anodyne morphisms. We now introduce a notion of anodyne morphisms for marked morphisms
that is suitable for our computations of section 4.

Definition A.3 (Marked anodyne morphisms). The class Mark of marked anodyne morphisms is
defined as the saturation of the union of LHorn* and RHorn together with the map

APET] A% — A%*
AP

as well as the maps K° — K* for all Kan complexes K.

Remark A.4 (Difference with Lurie’s definition). Beware that the previous definition differs from
that [Lur09, Definition 3.1.1.1] in that our definition is symmetric, whereas Lurie’s include RHorn
but not LHorn®. The conceptual reason for this discrepancy is the following: Lurie’s marked ano-
dyne morphisms are examples of trivial cofibration in the cartesian model structure on sSet™, while
our marked anodyne morphisms should be trivial cofibrations in an appropriate model structure
of bifibrations on sSett. However, for the purpose of this work, we shall not need the full power
of such a model structure.

Definition A.5. Morphisms satisfying definition [Lur09, Definition 3.1.1.1] will be called marked
right anodyne in this thesis. The obvious dual definition gives the class of marked left anodyne
morphisms.

Lemma A.6. FEvery marked anodyne morphism has the left lifting property against all morphisms
of the form X' — x for X an oo-category.

Proof. By [Lur09, Proposition 3.1.1.6], marked right anodyne morphisms have the desired lifting
property. By symmetry of the argument, so do marked left anodyne morphisms. Since Mark is
the saturation of the class given as the union of these two types of anodyne morphisms, we deduce
the result. O
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In section 4, we will use that the class of marked anodyne morphisms satisfy the following weak
form of right cancellation property.

Proposition A.7 (Right cancellation property for marked anodyne morphisms). Leti: A — B
and j: B — C be monomorphisms of marked simplicial sets. Assume that i and j oi are marked
anodyne morphisms and that j is bijective on 0-simplices. Then j has the left lifting property with
respect to all morphisms of the form X% — x for X an co-category.

Proof. Our proof is merely an adaptation to the marked simplicial setting of the argument of
[Stel8, Theorem 1.5] which states that the class of inner anodyne maps has the right cancellation
property. We give details here for completeness.

Let X be an oo-category. We will show that j has the left lifting property against X% — .
Suppose we are given a map u: B — X of marked simplicial sets. By lemma A.6, that joi is marked
anodyne allows to pick a morphism ¢: C — X satisfying ¢ o j o i = wo4. This implies that v and
p o j are in the same fiber of the map i*: Mapﬁ(B, Xt — Mapﬁ(A7 X%). By [Lur09, Proposition
3.1.3.3 and the following remark] (or more precisely a generalization thereof to arbitrary marked
anodyne maps in our sense), the map i* is a trivial Kan fibration. We may then take a homotopy
between u and @ o j over their common image by ¢*. This homotopy takes the form of a morphism
h: A% x B — X% with the following properties:

hltoyxB =woj hlgiyxp = u ho(ida xi) =uoioproj,.

Consequently, h and ¢ induce a map w = (p,h): {0} x CUAM x B — X®. The problem therefore
reduces to finding a lift d: AVf x C' — X¥ in the diagram

{0} x CUAM x B - X*

/
/
/
| a_
)

ALt x 0 -

for then d|;1y ¢ will provide the desired lift of u along j. Using the skeleton filtration on C', write
C(n) = BUsk,(C). Note that we have the equality B = C(0), since j is bijective on objects.
Working inductively, it therefore suffices to prove the existence of a lift in the following diagram:

({0} x C(n+1)) U (At x C(n)) —— X

’
-
-
-
-
-

AV x C(n+ 1), -

for every n € N. Since every monomorphism of marked simplicial sets is obtained by cell attach-
ments and edge markings, the proof reduces to the case where the inclusion C(n) = C(n + 1) is
either QA" 1> — AP+ or ALY — AL Using [Lur09, Corollary 3.1.1.7], one easily sees that
(ALF x AY)U ({0} x AL — ALE x ALF is marked anodyne, so the result follows for the case of
the latter inclusion. For the former inclusion, one can adapt the argument of [Stel8, Lemma 2.4]:
decompose the inclusion

({0} x A™FLP) U (A x 9A™) — ALE x ATFL?
as a sequence of inner horn inclusions that successively add the different top-dimensional simplices,
composed with the inclusion of a left marked horn AZT[0 — 1] into A0 — 1]. O
A.1.2 Calculus of pushout-joins
Given maps i: A — B and j: K — L of simplicial sets, define the pushout-join i ® j as the map
(ixidy,id g *5)

iBj: AxL [ BxK
AxK

B L. (78)

If + and j are instead maps of marked simplicial sets, then ¢ ® j also defines a map of marked
simplicial sets.
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Lemma A.8. Let S and T be two classes of morphisms, either both in sSet or in sSet™. Then
SETCS®T.

Proof. For the case of sSet, this is [Rez22, Proposition 30.12]. The case of marked simplicial sets
is a straightforward adaption of the argument thereof. O

Lemma A.9. We have the following inclusions of classes of morphisms in sSet and sSet™ :

RHorn ® Cell C InnHorn  and  Cell ® LHorn C InnHorn,

Cell” ® RHorn® € RHorn*  and LHorn! @ Cell” C LHorn®.

Proof. The results follow from lemma A.8 together with the following computation: for j, k,n € N
with 0 < 7 < n, there are canonical isomorphisms

(A C A™) @ (0AF C AF)
(0AF c A*)@ (A} c A™)

12

(A;}+1+k c An+1+k),

k
(AR cam).

1

The following computation will be essential in section 4.

Lemma A.10. Let I and J be finite linear orders and Joy C J a suborder. Let i and j denote
respectively the inclusions § C I and Jo C J. Then

(1) the inclusion
idy*j: (AT 5 (A7) = (A1) 5 (A7)E

(2) and the inclusion

i@ (A7) (A%)n((AI)" # (AT)F) = (A1) % (A7)

are both marked anodyne.
Proof. For both assertions, it suffices to show the result for J = Jy U {y}.

(1) We consider the inclusion id *j. We proceed by induction on the cardinality of I. Suppose
first that I = (). Assuming that y is not an extremum in J, let y_ (respectively y) denote the
maximum (resp. minimum) of the elements x € J such that x < y (resp. > y). Consider
the spine inclusion Sp’ — A”, which is inner anodyne. Note that this map factors through
the simplicial set 7 = A7> U AY-¥¥+ as a inner anodyne inclusion Sp? — T. As A% — A7
also factors through 7', it is enough to show that (AJ)* — T* is marked anodyne: this follows
from the two inclusions (AY-Y+)# — (AY7Y*)F — (AY-¥%+)? being marked anodyne. The
case where y is the maximum (resp. minimum) of .J is analogous, replacing 7' by Ao U AY-Y
(resp. Ao U AYY+).

For I # (), assume the result for finite linear orders of cardinality less than I. Let x be the
minimum of I and let Iy = I\ {z}. It suffices to show that the inclusion
(Al c Alym (AT c AT): (Ao« AT) U (AT« AT0) = (AT 5 A7)
AloxAJo
is inner anodyne. This follows from lemma A.9, since Ao c A’ is right anodyne and
Ao ¢ Al is a monomorphism.

(2) We now turn to the inclusion ¢ ® j. If y > Jy, then j is marked left anodyne; using lemma
A.9 we obtain that i @ j is inner anodyne, hence a marked equivalence. Otherwise, we can
partition Jy as Ji [[Jg such that J; <y < Ji and JJ is non-empty. Then j factors as
the composite

afo—at [T (avsa%) — o
NG
where the first map is induced by the inclusion e: A% — AY % A% and the second map is
(0 € Ao )@ e. Since e is marked right anodyne, using lemma A.9, we deduce that so is j
and therefore also i @ j, as desired.

O
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A.2 Recollections
A.2.1 A note on cartesian fibrations and spaces of lifts

In this section, we recall a useful characterization of cartesianity of a functor in terms of con-
tractibility of a certain space of lifts, which is extracted from [Lurl7]. Let p: X — S be an inner
fibration of co-categories.

Definition A.11 (p-cartesian edges). A morphism f: z — y in X is said to be cartesian if the
canonical map

qr: X/f — X/y Xs/py S/pf
is a trivial fibration.

Notation A.12. Given a morphism f: x — y and an object 2z in X, base-changing ¢y along z: * — X
yields a functor

q: X/f X x {Z} —)@Z,
where D, denotes the oo-category (X/y XS0y S/pf) x x {z}. The fiber of ¢, at an object u will
be denoted £ and refered to as the space of lifts of u along f, leaving the dependance on (f, z,u)
implicit in the notation. The situation is summarized in the following commutative diagram of
oo-categories

l ] [ o

* u CDZ g X/y Xs/py S/pf
* z X.

in which all squares are cartesian.
We will use the following equivalent description of cartesian edges, which is essentially a re-
wording of Proposition 2.4.4.3 in [Lur09] and its proof.

Lemma A.13. Let f: © — y be a morphism in X. Then f is p-cartesian if and only if for all
z € X, every fiber L of q. is contractible.

Proof. By Proposition 2.1.2.1 in [Lur09], the morphism gy is a right fibration, hence so are ¢, and
g.. Now note that every fiber of ¢ is of the form £ for some choice of objects z and u. Since a
right fibration is trivial if and only if each of its fibers is contractible, we get the result. O

Remark A.14. The proof also shows that £ is a Kan complex, since ¢, is a right fibration whose
codomain is a Kan complex. This justifies the use of the terminology space of lifts for L.

Definition A.15 (Cartesian fibrations). The functor p: X — S is a cartesian fibration if for all
y € X, every morphism T — p(y) in S admits a lift  — y along p which is p-cartesian.

A.2.2 Principal co-bundles

In this section, we recall some definitions and basic properties of groupoid objects, co-groups and
principal bundles in higher category theory. We essentially follow the exposition of [NSS15] and
make no claim to originality.

Let T be an oco-topos.

Definition A.16 ([Lur09, Definition 6.1.2.7]). A groupoid object in T is a simplicial object
Ge: A°P — T such that for every n € N and every partition [k] U [k'] = [n] with [k] N [k'] = {*},
the induced diagram

Gn E— Gk

|l ™

Gk’ — G()

is a pullback in T. The full subcategory of Fun(A°P, T) on the groupoid objects is denoted Grpd(T).
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Definition A.17. For f: X — Y a morphism in 7, one has a associated groupoid object C’(X —
Y) in T called the Cech nerve of f given in degree n by the (n + 1)-fold fiber product

~

C(X—)Y)n:XXyXXY---XyX.

We say that f is an effective epimorphism if it is the colimiting cocone of its Cech nerve, i.e. if we
may write
f: X —C(f).

Let Eff(T) denote the full subcategory of Fun(A®, T) on the effective epimorphisms.

Proposition A.18 ([Lur09, Corollary 6.2.3.5]). The Cech nerve construction provides an equiva-
lence of oco-categories
C': Eff(T) ~ Grpd(7) (80)

whose inverse sends a groupoid G to the colimiting cocone Gy — colim G,.

Definition A.19. An co-group in T is a groupoid G, in T such that G ~ x. The corresponding
full subcategory of Grpd(T) is denoted Grp(7T). We usually write G for the space G; and will often
abuse notation by refering to G as the co-group, leaving the rest of the simplicial structure G,
implicit.

We now recall the delooping equivalence.

Proposition A.20 ([Lur09, Lemma 7.2.2.11]). The loop space functor Q canonically extends to
a functor from the oo-category T, of pointed objects in T to Grp(T). Its restriction to connected
pointed objects yields an equivalence of co-categories

Q: (To)>1 ~ Grp(7): B.

The functor B inverse to €2 is called the delooping, or classifying space functor. The effective
epimorphism * — BG associated to an co-group G is the colimiting cocone

...%GXGSG:;*—>BG

induced by the simplicial object G: A°P — T.

Definition A.21 ([NSS15, Definition 3.1]). Let Go € Grp(7) be a group object and X an object
in 7. A G-action on X is a groupoid object (X//G)e in T of the form

...§X><G><GE§X><G:§X

proj

such that the degreewise projection maps X x G™ — G" yield a morphism of groupoid objects
(X//G)e — Go. The co-quotient of the action is the colimit object X//G := colim(X//G) in 7.
The oo-category G Action(T) of G-actions in T is the full subcategory of Grpd(7T),q, on G-actions.

Definition A.22 ([NSS15, Definition 3.4]). Let Go € Grp(7) be a group object and X an object
in T. A G-principal co-bundle over X is a morphism Y — X in T together with a G-action on Y,
such that Y — X exhibits X as the quotient Y//G.

The oco-category GBun(X) of G-principal oo-bundles over X is the homotopy fiber at X of the
quotient functor

GAction(T) € Grpd(7T) g, — Grpd(7) colb o
The following result will be useful in section 5.

Proposition A.23 ( [NSS15, Proposition 3.8] ). If G is an co-group and X — BG a morphism in
T, then its homotopy fiber Y — X at the distinguished point of BG carries a canonical structure
of a G-principal co-bundle over X.
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The G-principal oco-bundle structure is obtained by considering the following morphism of
augmented simplicial objects

in which all rectangle are cartesian squares.
Moreover, all principal oco-bundles are obtained through this construction, as stated in the next
result.

Theorem A.24 (Classification of G-principal co-bundles, [NSS15, Theorem 3.17]). For all co-
groups G € Grp(7T) and all objects X € T, there is a natural equivalence of co-groupoids

GBun(X) ~ Map+(X, BG)

given on objects by the construction (p: X — BG) — (hofib(p) — X)) of proposition A.23.
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